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INTRODUCTION.

The preparation of this work has extended over some four years and has been delayed by
press of other work resulting mainly from a shortage of officers in the department due to the war.
Its final completion has been very hurried as the author has been ordered to Mesopotamia. The end of
Chapter VII1 has been much abbreviated owing to there not being time to work out a sufficient
number of cases to form the basis for a proper discussion. It has been decided however to publish the
work at the stage it has reached rather than to wait an indefinite period for its amplification.

The origin of the research was the need which had arisen of converting geodetic results, obtained
in India and referred to the now obsolete Everest spheroid, into terms of the best determined spheroid.
The work soon showed that certain inconsistencies arose and that multiple values of the changes were
found according to the route followed. The reason of this is that the observations of triangu-
lation in India have been edjusted to fit the Everest spheroid and will not fit any other without readjust-
ment. Had the spheroid of Everest been regarded merely as a reference figure and not, for purposes
of triangulation, as identical with the geoid this dificulty would not have arisen: but I believe a
similar method of treatment has been followed in all other countries. It would generally be
impossible to avoid this treatment, as in the early stages of survey work values of detlections are not
usually available. There is little reason why these deflections should not be determined roughly as the
triangulation proceeds: and were this done all computations could be made quite correctly, and the
deflection results would also be useful. The diserepancies involved, however, are not as large as the
probable errors and offer what is more of a computation difficulty than a practical difficulty: and it
is believed that the conclusions reached in the first four chapters overcome the difficulty quite satis-
factorily for all praetical geodetic purposes. The explanation of the discrepaney was by no means
discovered at ouce and it is in Chapter V that the fundamental inconsistency is discussed.

Meanwhile other related subjects come under consideration and in Chapter VI reference is
made to some of these. Here a complete analogy between adjustment of errors and small strains in
a mechanical framework is shown to exist. This has led to the idea of *“strength” of triangulation
and gives a less abstract view of the adjustments by the method of least squares than was hitherto
available. It enables one to picture in a tangible way the changes necessary, which will also be those
most probable. A new method of adjustment of chains of triangulation has been developed, and
applied to a number of Indian series.

In this connection a quantity M has been introduced as a criterion of the strength of triangu-
lation. It is based on General Ferrero’s quantity “m ", but also takes cognisance of the length of
sides and general formation of a series of triangulation. This quantity has been taken out numerically
for all the Indian series.

The quantity M permits of probable errors not only of side and azimuth but also of latitude and
longitude being expressed at any point of the triangulation. Application has been made to all the
circuits of India and the closing errors actually met with are found in good accordance with the
theoretical probable errors based on M.

The case of probable errors after adjustment has also been considered. This is much more
troublesome and involves very heavy work in the form of solution of numercus equations. The
value of the enquiry, however, will be considerable, as an answer can be found to questions such as,
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how often should extra base lines or Laplace stations be introduced ? It appears that Laplace stations
should be just as numerous as extra bases: and that the observation of extra bases alone is ouly a
half measure not likely to improve matters much. It may be roughly compared to closing a traverse
circuit for northing and omitting to do so for easting. The improvement due to adjustment is but
briefly considered owing to force of circumstances; but the necessary equations have been solved for
the cases of the N.W. Quadrilateral of the Indian triangulation and this question will be resumed
when it is possible to do so. As has been mentioned the process involves the solution of a large
number of simultaneous linear equations; and this has to be done for a large number of values of the
absolute term in these equations. It is believed that several novelties have been introduced in this
connection which may be of general interest. This question is treated on pages 126-153.

In Chapter IX the results of all the deflection observations are expressed in terms of Helmert's
spheroid ; the azimuth observations all having been adjusted on the Laplace conditions, none of which
had been made use of during the simultaneous adjustment of the triangulation. The quantities given
also permit of easy reference to any other spheroid which may at any future time be adopted.
Certain observations in Russian Turkistan have also been added, as by means of the recent Indo-
Russian connection these can now be stated in terms of the Indian survey. It has also been consi-
dered convenient to give a tabular statement of all determinations of y, so as to make a complete
statement of gravity, not only its direction, but also its intensity. Full details of the pendulum
operations are to be found in Professional Papers Nos. 10, 15.

These quantities are of immediate interest when the question of the form of the geoid and
the underlying reasons for that form are considered. A start had been made with this question,
which I had hoped to include in this work, but which must now be held over. An approximate
method of finding the underground density anomalies by means of Poisson’s equations seems possible.
This is independent of the usual isostatic hypotheses, and may throw light on the whole question
of isostasy. ‘

For convenience of reference a certain number of various determinations of the figure of the
earth have been included.

The computations incidental to the preparation of this work have been very heavy. Those
of the earlier chapters I to IV have been performed mostly by Babu Mukundananda Acharya and
Babu Hem Chandra Banerji, B.A. The solution of equations in Chapter VIII has been entirely
carried out by Babu Diwan Chand Nanda, to whom I am especially indebted for his industry and
accuracy in a troublesome and monotonous piece of work. The data in Chapter IX have been
compiled by Babu Surendranath Mitra, M.R.A.S.

Mr. Sarat Kumar Mukerji has been responsible for the printing of the whole letter press.

Deura Duy,
J. be Graarr HuNTER.

15th Sept. 1917.



CHAPTER 1L

First method of finding the changes of coordinates of
triangulated points due to changes in axes of the terrestrial
spheroid and coordinates of origin.

1. The subject of the first 16 sections of this chapter was printed in abstracted form in
1912 to draw attention to some of the difficulties of the problem, and with the hope that some
light might be thrown on it at the Triennial Geodetic Conference held at Hamburg in that year.

The spheroid on which the triangulation of India has been adjusted is now believed to be
considerably in error, as from the nature of the case was inevitable. Owing to possible defiec-
tion of the plumb line at the origin of the survey at Kalianpur, the values of latitude and
azimuth at that point are somewhat in doubt. 'T'he problem for solution was to find the changes
in latitude, longitude and azimuth of all triangulated points in India due to changes in the
adopted values of the axes of the terrestrial spheroid and in the adopted coordinates of the
origin of the Survey.

2, The new spheroid which is adopted in the first 16 sections of this chapter is defined

by
¢ = semi major axis = 6378200 metres
e = compression or flattening = Lo ezt
= : WOE = o873 T g

These values are given on page 173 of “The Figure of the Earth and Isostasy, from
Measurements in U.S.A” Washington 1909, where they are said to be Dr. Helmert’s latest
values.

Heretofore the axes used in the Survey of India are those due to Everest, known as
‘“ Evercst’s constants, first set”. The numerical values are—

a = 20,922,931 80 feet

—_— 17 .
= 300°4

All base lines of the Survey ot Tudia have been expressed in terms of the ludian ten-foot
standard, known as har . The base lines were not reduced to standard British feet but were
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. . A .
given as some number of times 10 feet. In making use of Everest’s constants we have accord-

ingly been taking the semi major axis as

20,922,931 -80 TA;-) British feet.
The value of A4 is given® as 3-333,318,86 Y, Y being the British standard yard.

We accordingly have % =1 — +000,004,342 trom which it follows that the semi major
axis which has actually been used in India is
a = 20,922,840°95 British feet.
Similarly b = 20,853,284:03 |, "

3. Converting 6,378,200 metres into feet by means of the relation
1 metre = 39370113 inches

deduced by Benoit (see “Raport du Yard au métve, Paris 1896) we get as our new semi major axis
20,925,871+ 23 British feet, and denoting by 8a and 8/ the corrections which have to be applied
to the values used in the Survey of India, we have

8z = +3030-28 feet = 92363 metres

and 8b = +2436-78 feet = 74273 metres
Also since ¢*= ¢ (2—¢) and 8¢ = S S -000,027,86 it follows that
- 2983 300-8 T ’

de? = +000,055,54F

where ¢ is the eccentricity.

4. Tt is now considered that the coordinates of the origin of the survey at Kalianpur require
modification. Captain G. P. Lenox Conyngham R.E. observed a group of azimuths and latitudes
round Kalianpur. His results gave the mean value reduced to Kalianpur

Latitude 24° 7' 11757 Azimuth of Surantal 190° 27’ 6”-39.

The values heretofore adopted in the triangulation ave,

Latitude 24° 7’ 11”726 Azimuth of Surantal 190° 27 5% 10.

We have to apply corrections to the origin of +07”-31 in latitude and +1°”29 in
azimuth. As regards the old value of azimuth a correction of —1”*1 was applied to the observed
value by General Walker in order to make azimuths observed at other parts of the triangulation

agree with geodetic values. We are now annulling this by reverting to an observed value of
azimuth, ’

5. Accordingly it is necessary to investigate equations giving the change in coordinates due

to the changes of both axes of the spheroid and of the latitude of the origin and of the azimuth
of a ray through it, as exhibited in the following table

* Account of the Operations of the G.T, Survey of India Vol. I. p, 28

R 1
t This corresponds to e = ——~-—. Bverest's actual value was

1
. g
3008 200-8017 aend the corresponding value of ¥e? is
*000,055.58.
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TABLI 1.

Old value New value
Longitude of Kalianpur 77° 39 17757
Latitude of Kalianpur 24° 7" 117-26 24° 7 11757
Azimuth at Kalianpur of Surantal ... 190° 27’ 5”10 190° 927’ 6”39
Length of semi major axis 20,922,840 95 fect 20,925,871+ 23 feet
(= 6,378,200 metres)
Length of semi minor axis 20,853,284 03 feet 20,855,720 81 feet
(=6,356,818, metres)
Compression 1 1
ompre 300° 8, 2983

The latest value of longitude* is merely given for convenience of reference. Any change
in longitude of origin is of course immediately applicable to the whole of the triangulation by
simple addition (or subtraction).

6. The old triangulation was adjusted, that is to say its apparent errors were distributed, by
a process following the method of least squares as closely as was thought to he practicable in
view of the great number of observed angles involved. Owing to the errors in the chosen values
of the axes, the equations which the errors were made to satisfy were not quite correct.  In the
first place the spherical excesses of the several triangles were computed with uncorrect values of
the axes: but, owing to the smallness of these spherical excesses, the change on this account
is not appreciable to 0.”"01—the accuracy to which they were computed. None the less the error
on this account being of a systematic kind—always of the same sign—will have had some small
effect. With the ‘“circuit equations’ the case is less favourable. In following series of
triangulation, which embrace much larger arcas, the spherical excess becomes much more appre-
ciable, and its value on the new spheroid differs from the old value by about one second in an
arca of 75 square degrees in Indian latitudes. This difference modifies the circuit equations.
It is a smaller error than the errors generated in the triangulation, but is systematic.

The only theoretically accurate course would be to readjust all the triangulation. This
would be a very large piece of work, and one object of tbe present paper is to avoid this labour
by putting forward alternative methods, which will give the desired changes, with a departure
from strict theoretical accuracy smaller than the errors due to fallible observations. The methods
will also he applicable to any further changes that may be found desivable at any subsequent date.

7. The following notation is used

a = semi major axis

b = semi minor axis

¢ = ellipticity or compression

e = eccentricity

p = radius of curvature to meridian = « (1 —e?) (1 —e%in3\) —%

v = normal terminated by the minor axis = a (1 — e2sin?A)—*
which is the other principal radius of curvature

* Account of the Operations of the G.T, Survey of India Vol XVII p. xv.
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B =yvlp

A = latitude

L = longitude

A = azimuth, measured {from South by West

# = change in latitude due to change of origin and axes

v = longitude

’” » 2] b2]

w = azimuth

3

¢ = distanee hetween points whose coordinates arc A, Land » + AN, L + A L.

” 2] A2

As only very small valnes of ¢ will be considered it is nnnecessary to specify whether this
distance is measured along a normal plain section or a geodesic line,

8. For small values of ¢

Ar= — " cos A )
p
AL = c sin A t )
= = corh e e e e
AN = — ”-sin A tan A 5
v

Differentiating® these equations with respect to A, A, p, v the corresponding changes of A, AL,
A A are obtained : and remembering that § AL = 8» and 8 A = » etc.. we obtain

. é .
du=""cos A.2L 4+ " sin Auw )
£ ownals g A in A
Sp= £ SmA o ¢ cosaA o LosmA o 9
v cosh vy v cosn " v Gostn A ()
2. ) e . N
Sw=-"sin A tan V2 D cos A tan Aaw— £ sin A sec” A%
v v v v

These are three simultaneous partial equations from which #, », w are to be determined.

They express the small changes in u, v, w developed along a short (elementary) line in
direction of azimuth 4. Before they can be integrated it is necessary to define the route along
which to travel. It might he supposed at first that the only important matter was the terminal
points of the route: but it will be seen later that a different result is found from each route
followed. The equations are not integrable in finite terms for all routes, and two special cases
are now considered, firstly along a paraliel of latitude and secondly along a meridian. These cases
correspond to 4 = 90° and 4 = O respectively. A means of dealing with the general case of
an oblique curvilinear ray is given later, §13 et seq.

9. Case I, whei A = 9°. 1In the case of a route aloug a parallel of latitude it is clear

¢ . . .
that - = AL and equations (2) can accordingly be written
vV COS A
du v
— 57— = — COSA. W
daL p
v Sv
— -5 = — — tan A ¥ e e . (3)
di. v
dw . 81}
— —— = SIH A, — — SCCA. % \
m v J
. L dp e ) R
fhe quantitic. , were nerlected as they contain the factor «2
dX’ da
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Putting 8* = 2. it follows at once from (3) that
P
au’ v
= TN

) . dv R
= ,3"s1n)»cos7\.7 - Bu

tl'u

s . o . OV
FIE s + 87w = §.@sin 2\ ,
The solution of this is

v = % sin 2 /\8:— + Pcos (BL) + Q sin (BL)

where P and Q are constants. Using (3) and differentiating (5) it follows that

dun

— 3 cos n. w 9L = ,8 1~ P sin (BL) + Qcos (BL) }

1

w = 3 cos_i{ P sin (BL) — Q cos (L) }

To determine P and Qput L = 0 in (5) and (6)

IN

. dv
1y = sin 2N — + P
14
.o
wy = — 2
0 B cos A

where the suffix zero indicates values at the beginning of the line.
Further, using (3) and (5)

dv ov ov

- tan A {ésinﬂx. ,,,)_ + Pcos (BL) + Qsin (BL)}

whence

&
V— Uy = —;B. cos* L +—m{P sin (BL) + Q(l—cos /SL)}

longitude being measured from the starting point.

(5)

(6)

()

8

Expressing these equations in terms of seconds—they are at present in radian units—

we write

. Sv .
R’ = 1 sin 2\.= cosec 1"
14
P// — ”:'IO‘_R”

Q" = —Bw”,cosr
and W' = R” +P"cos (BL)+ Q" sin (BL)
v” = v"y—R"cot \. gl + ta;\}_h P”sin (BL) + Q" (l—cos (BL))}

w’ = ,Bcos?s {P”blll (BL)— Q"cos (BL) }

&)

(10)
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Since v = a (1 —¢*sin® A) — % it follows from logarithmic differentiation that
Sv _da sin’A  &¢°
v a @ 1—ésin®A 2

Putting in the values of g, ¢, 8a, 8¢* from §§3, 4 and expanding

8” 000, 144, 83 + +000, 027, 77 sin®A + -000,000, 18 sin*tA + . . ., (11)
V
10. Case, II, when 4 = 0. In the case of a route along a meridian it is clear that
£ = — drand equation (2) can accordingly be written
P
w_ %
" p /
dv
[5‘=——sec7\w e € #))
Y
Iix - an w )
Differentiating p =a(l—¢) (1=-¢ singh)—% logarithmically
8_p=§a_ 89“’( | sin?A )
p « " \l—ef T 1—esin®A
whence, expanding and putting in numerical values
—SPB = -000,144,83 ~ -000,055,54 (l'()0668 — 3sin”A — 2 st .. L . )

= -000,088,92 + -000,083,31 sin®\ + -000,000,55 sin'r
= +000,130,78 — -000,041,93 cos 22 + -000,000,07 cos4x . . . . . . . (13)
Integrating the first equation of (12)

u - U = —‘/.B-R.rl)\,
p

A
= — -000,130,78 (A —Xr, + I: +000,020,97 sin 2x — +000,000,02 sind . N (14)
0
From last equation of (12)
1 dw P 1 —¢?
_ == = A= ———— Lt
w ' dn v tan 1—¢* sin®a tanA
Put y = sin’®\ and dy = 2 sinA cosh dA
Then
1—¢ dy
() = U A
< log w 1—cy tan A 2 sin\ cosA
- ! —e  dy
Tl 1=y
1 et
=1 —
=1 l_”,y)d.v
Integratin.

og v = — Llog (1—y) + 4 (1—e%) + constant

w = K '\/ ll-:"/y where K is a constant
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K \/1—82 sin? A _ Ka
W= cos A T veosh
= 1y D808 Ao ... .. (5
W= Wy oo e e (15)
. dv 1—-¢ .4/ 1 —etsin® A
Again an T T—EsinA secA K cos \
. (1 . ar
v = K{l-¢ )./;0527\\/1—62 sin? A
Putting x = sin A then dz = cos ?» d\ and
v =K (l—e')f
\/1 —ez®
1 1
Now - . 3 5
3'5'-)7 \/l—e"’.'z’2 (1—2°) = \/l—e' + ¢ (1—2%
= 173-{1_@/1- (1—2%) + 242 (1—2?)° . . . } .. - 16)
\/l —€ (1~2%)?
where } = ——, = 0-006,682,2
1--¢*
\/1 { dr 1k lv \ \/ i } d
. v =K —e"f — = — =Kk == 227 l=2 . . . . xr
1—2a%? vV 1—7 )
= K JI-& [\/J—‘L_—l ~ LksinTle 4+ 34 (x @ 128 + .{.sin‘l.r) o ]
=K\/r—.;9[tan)\—ék)\+—1—“l—;kﬂ(sinkcos)\+x) e e e :I
Collecting results and expressing them in terms of secouds we get
w” —un, = — 000,130,78 (A" —=2A,") + 4325 (sin2X — sin2x;) — - 0035 (sin 4A —sin 4r;)
v —v,) = 1, Yo P70 co<7\0 VAT I:tan A —-005,332,71" sin 17 + +000,004.2 sin 2 A ]7\0 (17)
w? = .t 0008 7\0
W=y N

The value of log /1 — ¢%is 19985538.

11. With the equations (10) and (17) we can now deduce the values of #, r, »
for any point P. Starting from the origin O, we may compute
along the parallel OM and find the values at M. Using these as
initial values we can then proceed along the meridian MP and
get values for P.

Or we may first proceed along meridian ON and then
along the parallel NP

The values arrived at by the two routes arc not identical. P - —N
This is inevitable. The discrepancy in azimuth is the change in
spherical excess on the given area from the old to the new
spheroid. We shall proceed to consider the discrepancies which oceur. To study these

M 0
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discrepancies the values of the changes were computed to five places of decimals. In the first
place it was considered convenient to take as origin for this computation the point whose latitude
and longitude were 24°, 78° on the old spheroid. The double values of «, v, w, for this point

differ by a small amount and in view of what follows the following mean value of » was
taken :—

s

z v oyt aw,
1 1 T 24y
+ k4

The suffix # indicates the value found by route ONP
and the suftix y ' RN s s 5, OMP

and # = PN, y = PM, but2 and y are always treated as positive. ‘The values of #,, %, and
v, v, were practically identical.

Starting from this origin by means of our equations the values exhibited in the following
three tables are obtained :—

1T4ABLE II.

LATITUDE («").

Lat. | Long. 58° 63° G8° 73° 78° 83° ag® 93° 98°
w, |—2'07723 |-2-63069 |- 3 09166 |—3-39675
-3:56361
34° Uy —2-50858 |—2-89432 | —-3-20019 |—3-42385

Uz — Uy | +0°43135 | +0-24363 |+ 010853 |+0-02710 0-0u000

U, —0-27462 |-0-75738 |—1-13306 |—1-39881
- 195258
29° Uy — 049755 |—0.88329 |—1-1891G |— 111282

Uz —Uy |+ 022293 | +0°12591 |+0-05610 |+ 0 01401 0060000

(23
’ } +1-40241 |+1-01667 [+0-71080 |+ 0- 18714 |+0-34738 [+0°29261 |+0°32323 |+0-43903 |+ 063911
24° Uy

Ur—Uy [ 0-00000 | 0-00000 | 0.00000 | 0-00000 | 000000 | 0-00000 | 0-00000 | 0-°00000 | 000000

%, +2 97072 |+2:65699 |+2 45452 [+ 227510 +2-08045 |+ 2:06672 |+ 210900 |+ 220697
+ 215009

19° uy +3.20512 | +2-81938 |+2-5135]1 |+ 228985 +2-00532 | +2:12594 | +2°24174 | +2:44182

Ur — Uy | —0-23440 |—0-13239 [—0-05899 [—0-01475 | -0 00000 |—0-01487 |—0-05922 |—0-13274. | —0-23485

u, + 444068 |+ 4-27179 | +4-11549 | +3-98199 + 378724 | +3-72751 |+ 3 63333 |+ 368567
+.3-87299

1’ uy +4°:02732 |+4-54108 |+ 423571 |+ 401205 +3-81752 |+ 3:84814 |+ 3-9G394 |+ 416402

U, — 1, |=0"47764 {—0-26979 |—0-12022 [-0°03006 |—0-00000 (—0-03028 |—0-12063 [—0-27041 —-0-47845
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L
1T4BLE I1I.
LONGITUDE (v).
58° 63° 68° 738° - 78° 83° 88° 93° 98°
v, |+11-82474|+8.92142 |+5-98621 [+3°03302 | 5. (6397
3 v, |+11-55396(+8-70715 | +5°84003 | +2-95734
Tr =Ty |4+ 027078+ 021427 | +0-14818 | +0-07568 | 000000
v, | +11°03495|+ 828493 | +5-51411 |+ 2:72776 | _ )\ 0gny
29° ty  [+10°97521] + 8-23535 | +5- 47878 |+ 270942
Le=Uy 14 0:05977 | +0-04958 | +0-03333 |+0°01834 | (000000
vy
24 | + 1045012\ + 780729 |+ 5 15103 | +2- 18448 | =01 [S914 |~ 2-86654 |— 5 444l |— K 21943 |— 10 58533]
v,
v—w, 0-00000{ 0°00000 | 0-00000 | O 00VOO [ VOOV | 0-00000 [ 0-00000 [ 0°00000 ! 000000
p, | +10°03969) 4746470 |+ 4-8S195 | +2 29305 - 289693 |-5-49462 | -8:09189 |- 1068705
19° v, |+ 99615147 41142 |+ 484702 |+ 2-27645 [T0 | 588036 |- 5.46060 |-8-03863 |—10-61102
L e =tw 4007518 |+0°05328 |+0°03403 | +0-01658 | 0-0V000 |—0-01637 [—0-03403 |—0-05326 |- 0-07513|
— ‘ | — ] - J— J— —— N
.. |+9°78031 2381\/ +4:69380 |+ 2 14557 |_ 1. yos0y | =2195881 | = 551288 | -8 06847 | - 10" 6245
14 vy [ +9-50738 | +7.03876 | +4 56250 | +2 08063 —2-89337 |—5-38170 |—7-86843 [—10-3517
Gr= Py [+0°27293 |4+0-20011 |+0°13121 |+0:06494 | +0-00000 | —-0-06494 [—0-13118 |~0-20004 [— 2728}
T4BLE 1V.
AZIMUTH (w).
58° 63° 68" XT3 83° 88° 93° 96°
'3 : 5 |+3 B )
e | 78306 |+ 6-98775 |+ 513898 | +3-25090 | . 1-33803
34 wy |+5-83531 |+4-75699 |+3-64230 49973‘
Ty 4+2:94775 {+2-23076 |+ 149668 |+0°75117 | 0:00000
R - — le o f—_— B
w, |+6-97539 |+5-60208 |+4°18593 |+2-78775 | 4 goces
29° i, (+5:53262 |+4:51023 |+3°45336 [+2-37006 |
Wr=—10y )+ 144277 [+1°09185 |+0-73257 +0-36769i 0-00000
ll',t - | I
o ) 529810 |+ 431905 |+ 3-30698 |+ 226960 |+ 121485 |+ 0-15080 |- 091440 |—1-97260 |~ 3 01574
wy,
B —w,| 0:00000 | -00000| 0-00000 | O 000001 0:00000 | 0-00000 { 0-00000 | 0-00000 | 0-00000
T imrcim | s o ramm | o oo cap i~ ) oy T roa
w0, + 371887 (+3 11339 |+ 248428 +I-~.101.01+1 17400 +0-30282 |—0 17217 |- 0-84588 | -1-51311
19° wy [ +5°11995 [+.4 17383 [+3-19579 |+ 210320 | +0° 14373 |—0°88365 |- 190627 |- 2 91433
- We=1Wy|_1-40128 | —1-06044 |—0-7115] —n-:xsﬂoi 0 00000 | +0 35709 |+0°71148 |+1-06039 {+1-40122
105 +2:-20928 \ + 196355 |+ 1- "027" + 142897 L+ 114420 + 085068 |+0-55065 +0 24640 — 005974
149 [ g0, [+4-99000 |+4-06789 | +3-11467 |+ 213762 | +0-14203 [-0-86122 | -1 85789 |—2-84036
g— . - . . .- =
r—Wy|-2-78072 | - 2:10434 |—1-41190 |~ 0-70865 | 0-00000 |+C 70865 |+1-41187 |+2-10429 |+ 3-78063
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12. Denote the distances PN, PM (in any linear unit, not in angular units) by x and y
then.
z = (L—1L,) vcos:

y:flpdh.
. A

By inspection of the numbers shown in tablesOII, IlI, IV thefollowing equations are found
to be approximately true:

u, —u, = Az
v, —v, = Bzy* e (1 1))
w, —w, = Czy

where 4, B, C are quantities varying slightly with the latitude, but which may be treated
as constants with their mean values over any area with which we shall need to deal. The last

equation simply expresses that the closing error in azimuth is equal to the change in spherical
excess.

Now u,—wu, is what we will call the ‘ closing error in latitude”” in proceeding round the
circuit OMPN; v,—v, and w,—w, being corresponding quantities for longitude and azimuth.
Over any elementary area

av =d (v. — v,)) = 2By dzdy
AW =d (w,—mw) = C dzedy

AU =d (v, — w,) =24 z dzdy |
g (19)

By integrating over any area the closing error of the circuit enclosing that area is found.

To find the values of %, v, w then which would be obtained by proceeding along any route
it is only necessary to find the values of u,, 1, w; (or u,, v,, w,) and apply the closing error with
the correct sign. Integrating (18) it follows for moderate areas,

U=24za 2
W = Ca S

where a is the area of the circuit and z y are the coordinates of its centre of gravity.
We say for moderate areas hecause the coordinates # and y are curvilinear: but for the areas we
shall reqnire to apply the formule to, z and y may be treated as rectilinear coordinates.

13 By means of the ahove equations it is possible to find the result of the change of
axes and origin as computed along any line of any curvature or along any route whatever, by
compating first along a parallel and then 2long a meridian (or in the reverse order) and then
applying the ‘“‘closing errors” of the circuit formed by the line in question and the parallel and
mendian

This, then, would solve the problem as for as solitary lines were concerned. When we
come to s network of lines the case is different, for several values of the changes which occur
st & point can be found corresponding to the several possible routes by which the point can be

reached. In view of the fact that most of the triangulation of India is along meridian or parallel
(see triangulation chart at end), the following procedure is suggested : —

(1). Select central meridian and paraliel for India (Burma will be dealt with separately).
The sclected meridian is 78° snd the selected paraliel 24°N.
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(2). Assume the values of u, v, w found by the forumlz on these lines, which we will
call axes, to be correct. We have then to distribute the closing errors in PM and PN,
(see fig. §11).

(3). 1f PM is a meridional series the computations fixing the lengtk PM depend only
in a small measure on the size of the earth’s axes. The way ip which these axes have
come in is through the spherical excess. In pearly all triangulation in the Survey
of India, the spherical excess is such a small quantity that the change of axes proposed
will not appreciably affect it (to 07-01). There is reason then for assuming that the
length PM is correct. In the same way the length PN may be regarded as correct.
If then u, and v, are taken for the changes in coordinates of P there should be no error
to the first order: and as the values of .  are so small the second order quantities may
surely be neglected.

‘4). This process would hold for the corners of circuits formed by meridian and longi-
tudinal series, though some modification would be more correct for oblique series. In the
Indian triangulation meridional and longitudinal series are the rule. Oblique series
occur practically only along the coast of the Bay of Bengal and along the first range of
the Himalayas. (See index chart of triangulation at end). As far as latitude and
longitude are concerned we should not be committing much error in accepting the
values of latitude and longitude, u, and v,.

(5). Now consider the azimuth change. This can be found from the change in
position of two contiguous points. If we take two points originally on the same
du,

5L d1 the azimuth change on the line joining

latitude whose changes are %, und #, +

them is

du, 1 P 3_14! =

PEdchosA..dL = Jcusn 8L

whereas the agimuth change deduced from two points originally on the same longitude is

vecos\ v,

p &

It has heen secen that the azimuth closing ertbrs is €. a2y where OM = + ON = y.
and Cis a quantity which varies slightly with the latitude. Treating C as a constant
and equal to its mean value over the area in consideration is permissible. This will
be satisfied if the azimuth error is put into the lines PN and PM to amount proporticnal
to their lengths.

This gives o, M
y _or_ oty
1 I
— + - r o+ '
y '

as the best correction to the azimuth at P,
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(6). The difference w,—w, is not to be regarded as an error contained in the value of

the angle M P N. TIts effects is to alter the curvature of the lines PM and PN,

(7). In the case then of a gridiron system of meridional and lopgitudinal series at

regular intervals all of equal weight, it seems that the best values we could assign
rw, + YW, . . .

to the changes are #,, v,, ,ﬂ%, In this case the next step in correcting the

triangulation would he to find the changes of intermediate points on the series as

follows :—

meridian

parallel

and for the other coordinate and azimuth to simply interpolate between the terminal

values.

lf-” for change 1u latitude

. along a
v, longitude *' "8

(8). A difficulty arises when the actual points of the triangulation series are considered.
For if the above formula for two adjacent points A and B is used, the difference
of coordinates will not exactly give the correct change of azirouth. Adopting the rule
of computmmg the azimuth from the coordinates, a different azimuth change on a ray
going east from that found on a ray going south is arrived at. That is 10 say the
actual change of w, — w, would be forced into the single angle formed by these rays.
.1__‘1(;,, __: Y% and the
change in coordinates of oie point only to be given by u,, ¢., and compute tlie coordinates

To avoid this it appears better to tuke the azimuth change to be

of second adjaceut point from this with the corrected azimuth (/. e. old azimuth
g’wy + yw;

) and the old value of the distance c.
z+ Yy

The computation alluded to in (8) may be performed with tables such as are given in the

«“Auxiliary Tables’’* prepared for the new values of the axes: or we may at once deduce the
changes in the position of the second point B by differentiation of the equations for AN, AL and

Ad.

The equations are:—

3

AX:—icosA—;}c—;sin‘lAtanX=817\+ O,\
p p
c sin A c¢® sift 2 A tan A
AL= = Coioon T i o S Ak Al
2
AA:—%sin/ltanX+ %jg(l + 2tan®\) = 8, 4 +8,

heing equations (1) carried to an extra term in consideration of the larger value of ¢ now

contemplated.

Differentiating we have at once

AN

il

8 , ) ( L : e )
RN (_ AP_ — tan fw) + SA | — i + 2 cot A + sin 2 “

5
Al = &1 (_ 2 + cot .l.w + tan Ru) + 8,1 { — :5—11 + 2cot24.w + (cotA + 2tanA) u}
14

* Anxiliary Tables of the Sarvey of Tudis, Dehra Dan, 1906,
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1 + 2 tan’A
) In above u, v, w are the values found for one end of the base A : the values for the other
end B are thenx + 8AX, v + 8AL w + 844

9
8AA=81A(—§— + cot dw + - 27\)+8A( 28”+Mu+2cot2d.w)

A third method is to reach B by proceeding first along the parallel AC through A and then
down the meridian CB through B, by means of the formul® (or tables) already given: and then
by applying the closing error of the area ACB.

Uy + YWs
x+y
changes in latitude, longitude and azimuth respectively of any point in India (excluding Burma)
with the restriction that adjacent points must be treated differently, the changes for the secend
point being deduced by one of the three methods just explained. On this basis the results may
be given in convenient tabular form.  ‘lhey will represent the changes with accuracy
considerably greater than the accuracy with which the points can be considered to be fixed in

It appears, then, that the expressions #,, vs, may bhe taken to represent the

space by triangulation.

14. These values are believed to be satisfactory for ali the purposes for which they can
be used. As far as map producing goes the discrepancies are negligible.  Tor gecdetic purposes
we require to know the absolute corrections to latitudes, longitudes and azimuths of a base
where a junction is to be made with another survey—such as the Russian survey, or the Buima
survey. We can do this as described in § 13 for one end of the base and then compute the
coordinates of the other end of the base from a knowledge of its length. In the case of Burma
the triangulation has not vet been adjusted. It will perliaps be adjusted with the new values
of the axes and made to fit on to the most eastern series of the Noirth-East Quadrilateral, »iz.,
the Shillong Meridional Series, after this has been corrected for change of axes.

We also wish to known corrections to triangulated latitudes or azimuths at stations where
these quantities have also been observed astronomically, so as to know the actual plumb-line
deflections.  As regards latitude we have uncertainty of perhaps (71 on account of axes change
after leaving the central latitude by 10° 7. ¢, one part in 360,000 which is of the order of
accuracy ol our base-lines in India. ‘lhe error generated in the triangulation must eventually be
greater than this. The same argument holds as regards the azimuth, where the uncertainty of
change due to change of axes, and due to error generated in trisngulation are pecessarily larger
numbers when expressed in seconds of arc than occur in the Jatitude. The astronomic observ-
atious for azimuth are less precise, considered from point of view of plumb-line deflection, than
the latitude observations. Apart from these considerations an error in plumb-line deflection in
latitude of 0”-1 is of little account. In India we have plume-line deflections of over 50” and, at
least at present, tenths of second are too minute to be taken account of in any discussion of
deflections.

15. It seems then that the method sketched above is sufficiently precise for the geodetic
uses to which the resuits can be put, and higher accuracv could not be applied with advantige to
the results of triangulation. The method of § 13 is applicable to points which can be reached by
either route (meridian or parallel) without the route departing out of the region of triangulation.
Thus while it applies to all tbe triangulation in Tudia which has been adjusted, it could not be
fairly applied withont modification to Burma, for this would imply the existence of trisngulation
across the Bay of Bengal. As the Burma triangulation remains to be adjusted, this does not
matter and it will only be necessury to apply the method as far as the Shillong Meridional Xeries,
which can be done very satisfactorily, the more so as our selected central latitude crosses this
series.
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16. The Survey of India was asked in 1912 by the Siamese Survey Department to
furnish the best possible values of the coordinates of Bangkok. The way in which this las
been done will serve as a good illustration of the method of using the closing error to determine:
the changes which occur along a route which is neither meridional nor longitudinal. As far as
longitude 90° the route may be tuken to follow the central parallel, Jatitude 24° (see triangula-
tion chart at end). From these it proceeds along the Burma Coast Series down to latitude
13° 45’, and thence to Bangkok along Jatitude 13° 45°. Tu this case then we first compute along
parallel 24° up to longitude 98°: we then proceed along meridian 98° down to latitude 13° 45,
The result at this point is found from tables 11, 111, 1V by extrapolation to be

u, = + 4°248
¢, = —10-339
w, = — 2:-837

y
Now treating longitude 95° as azis from which 2 is measured, we evaluate the closing
errors over the area between the Coast series and latitude 24° and meridian 98° and get
2 Azx*y=U = + 017
S Bxy*=V = — 026
5 Coy =W = +-426

Hence the changes at latitude 13° 45', longitude 98°, as determined &y the route following the
Burma Coast Series, ave w, + U, v, + V,w, + W.

One further correction remains. The Bangkok Series which emanates from this point is
expressed in “ preliminary terms’’—it was computed from preliminary values of the side from
which it emanates. Later values of this side, found after the Coast Series had been computed
from the preliminary value of the side, require the following changes to be apphed to the
beginning of the Bangkok Series, viz.

in latitude —17-80
longitude —-07-17
azimuth +5”-50

Combiniug these we arrive at the changes to be made at latitude 13° 45°, longitude 98°.

Latitude Longitude Azimuth

By parallel and meridian route . . +4-248 —10-339 —2-837
Correction to bring into terms of Burma Coast Serles route ... +0°017 — 0-026 +0°426
Correction from ‘““preliminary terms” ... ... =180 —0-17 +5°50

Total ... 2-47 —10-54 +3-09

With these initial values by computing along parallel 13° 45° up to longitude 100° 33° 3”5
the old value of the longitude of Phukhao Thong Station® in Bangkok we get the changes
u = + 27:34
v = — 11”7-82
w=+ 279
To bring into Greenwich terms the farther correction — 2° 27”:18 is required to the

longitude, the final corrections being
+ 27:3% in latitude

— 2’39700 in longitude
+2”-9  in azimuth

* Phukbao Thong Btation ix the most ensterly triangulated point shown on the triangulation chert.
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v
Owing to an unfortunate confusion of the quantities %, v, w, with », v, v, the following
corrections were wrongly supplied to the Royal Survey Department Siam in 1912

.

+17-73 1in latitude
-2 39”-32 longitude
+5”77 azimuth

17. So far the particular case of definite numerical values of 8;“, 8¢?, u, w, has been

considered. It is desirable to put the solution in a form in which the results of any desired
change can be caleulated rapidly.

Let w,, uy u,;, %, be the changes in latitude respectively due to 8 = 1000 metres,
56=1000 metres, w, = 1”, w, = 1” with eorresponding notation for vand w. Since the quantities
involved are small it is elear that

u=208a u + 80 uy + ug. u3 + wou, . . . . . . . . (18)

with similar equations for » and w: where dg, ) are expressed in kilometers and %,, %, in seconds.
If values of u,, u,, us, #, arve tabulated, equation (18) will enable the quautities #, », w to be
evaluated for any desired case. Of the quantities 8a, 8, 8¢* any two may be regarded as independent,
the third being determined from the result of differentiating & = a /1 —¢ logarithmically.

] da &b ?
t. €. ;— 7=%1—e2 (19)
When 82 = 86 = 1000 metres = 39370-113 inches = 3280°843 feet
3 87[1 cosec 1” = 16-1718 of which the logarithm is 1-2087596
Y v .
) -+ cosec 17 = 162258 ' ", ) 1-2102058
Also
S _ b, sinn 8
v a I—2 o 2
_ 8a (1 —¢% sin®n 8 (1—=¢€%) sin®x
== (l + \l _eg smz)\ ) - T' l_egmgr . . . . . by (19)
Hence equation (9) may be written, omitting the dashes
_ —eé?) sinfn (L—e% siniA
R = sin 2x{16 1718 (1 + mm ) Sa — 16-2258 ﬁ—M}
P = Uy — R L L o (20)

Q = w,Bcos\

where 82, 80 are expressed in kilometres and #, and w, in seconds.

18. Along a parallel of latitude
Case I, when 8a = 1,86 = 0, u, = 0, w, =0

B 200 R = 16 . (1—¢% sin® ) -
y (20) . 06 17185m2x(1+ I—c’mu’) - e ) )]
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and (10) becomes

u= R(l — cos (BL)

L" t A 1
vo= = R(ZON '—B-tan)uin(BL)) .. (29)
R
w = —Fsechsin (BL)

where L is expressed in degrees.

Case II, when 88 = 0,80 = 1, 4y = 0, w, = 0
From (20)
= — 16-2958 sin 2 A (1= ) sin?

I @simin o . . (@29)
and equations (22) hold for this case also.

Case 111, when 8¢ =0, 80 =0, 4, = 1,10, = 0

In this case i:— = 0 so that

R=0
r=uy =1
o= 00 } . (24)
and
v = cos (BL)
v—y, = %tan)\sin (BL) o .. (@)
w = —é—secksin (BL)

Case 1V, when 82 =0, 806=0, 4y, = 0, w, = |
R =P=0 }

Q = — Bcosi (26)
and
# = — Bcos Asin (BL)
u—v0=—silnx(l—cos(ﬁl)) N 74
w = cos (BL)
19. From (10) aud (19)
S % da (1 —e%sin®* A
?———‘— _—_) (1—7 T—¢sinPn
____ (___—— {l— (1=eY)sin®A(1 + einA+ . . . . )}
- 27\. 2
_,__ (___) {1_,[“_92( —cos -,-%(3—4cos2k+cos47k) .o )}
Hence from (12)
A
s—vg=— [ P
A P

da )
—=a-n+2 (5- —){o 2513 (A—2,) + 0 3750(sin2\—sin2r,) — 0 0003(sm47\.—nnn,,)}
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Expressing in seconds and introducing 8¢, 86 cxpressed in kilometres and A, A, in degrees
this becomes

u-—uy=2a {—0‘738()7 (7\0-—7\3) + 2426 (sin 2A+ sin 22) —0-019 (sin 4X— sin .|.7\“)}

48 {_0-2847(x°—x3) — 2434 (xin 2A —sin 2A) + 0019 (sin A~ sin -p\‘,)}. . @)

20. Along a meridian

Case I, when da=1, /=0, u,= 0, uw,=0
By (28) and (17)

n=— 0-2807(A°—A )4 2426 (sin 2A —sin 2\;) —0-02 (sin4X —sindh)

(29)
v—y, =0
w=10
Case 11, when 8u¢=0, 86=1, 1,=0, w,=0
By (28) and (17)
u= — 02847 (\°=N ) — 2434 (sin QA —sin 2N)) +0°02 (sin 4n—sin Mo)g
v—r, = 0 . (30)
w= 0 >
Case 111, when da = 0, ob = 0, wo=l,'mn=()
Then u = u,=1
I }(31)
w= 0

Case 1V, when 3¢=0, 86=0, #,=0, w,=1
Then #—1,=0

’ T . 2
v—v,= Kofg_s-}“. VIsé [tan A —0°000,058,2)° + 0°000,004,2 sin 2?‘])\ .. (32
0
__ VCOSA,
~ wvcosh
21.

With the equations of §18, 20 changes can be computed at any point for any case.
There are two possible routes. As an example consider Case I. We can first proceed along a
parallel to the appropriate longitude. In proceéding thence along a meridian we have to apply
Cases I. 11T and 1V (because the values given by (22) now become initial values), and so find the

values «, v, w, : secondly we can proceed along a meridian and afterwards along a parallel and so
find the second set of values u, v, w,,

These computations have been made and the results for every degree square corner, so far
as concerns the Indian triangulation, are exhibited in the following tables.
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Values of 1, in seconds.

Case I.—8a= 1 km. TABLE 1IX.
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The closing errors.

22, The tables just given exhibit the ‘‘closing errors” or differences between u, v, w*
and u, v, wy respectively. The formule for these differences . — uy etc. for the four cases will
now be considered separately and approximate expressions found for them.

Case I, when 8a =1, 86 =0, ;= 0, wy= 0

Along the parallel OM the changes at M are given by equations (21) and (22) in which suffix zero
may be added to B, R, A to indicate that it applies to latitude A,. Apply the changes at M to
the case of a meridian: it is necessary to consider cases I, ITI, IV of § 20 and the following
equations are deduced :

U, = [ — 0-2807\ 42426502 —0-02 sintm] 7):0 + Ro(l — (cos ,BOL))
o
vy — v, = — R, (L cot Ay +‘1— tan),sin (BOL))
0

_Low

B VT — & sin (BL) [tan A—0-000,058, 2>»°+0'000,004-,2sin2)~]: ... (33)
0 0

0y

— —%seo)\sm (B,L) .

R, = 161718 sin 21, (l + Mi)

e” sin™p
Next proceeding along O N, the chauges at N are given by (29), and applying these initial

values to the parallel NP the following equations are formed by consideration of cases I and III
of §18

=R (l —cos (BL)) + cos (BL) [ —0°2807 A\°+ 2426 sin2A— 002 siu47\];:
0

-]
v — v, = R(L COtX 1 tan A sin (,BL))

573
.  (34)
+ gtannsia (BL) [—o-2807x°+24.-26sin2x—0-02 sin47x:|;
0
R . 1 . . . A
w, = — 3 sec A sin (BL) + B secAsin (BL) [—0'28077\°+24'2631n27\.—0'02sm4~7\ N
0
From (33) and (34) it follows that
uy—tty= [R(l —cos (,BL))];‘ + (1 — cos (BL)) [O'28077\°—24'26sin27\. +0-02sin4m] ;0
—vy=— [ (L M?t A + L tank sin (BI/))]N
0
+ itanxsin(ﬁL) [—0 - 280 AL° + 2426 sin2A—0-02 sin4x] A
8 Po (35)

—e2si A b
+ I;,f—'; v/l —e?sin (ﬁuL)[tan)\—O'OO0,058, 2A° + 0000, 004«,251[127\.]7\
’ 0

wy— = _% sech sin (BL) + -Z.‘— sech sin (BL) [—0-2807x°+ 24'265in27\.—0'02sin4~h];
0

+ Bo% geon sin (8,L)
oV
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23. Equations (35) may be simplified and written in approximate form if terms
depending on ¢* are neglected. 'The closing errors will still be expressed with sufficient accuracy.
Then 2 becomes unity and “@’’ may be substituted for ». Denote A—2, by 8. In what follows
u; etc. are expressed in seconds and A, L, 8 are expressed in radians except when the degree
mark is added—thus A°, and A°/A =57-3. The successive terms of (35) are taken one by one

and reduced. = denotes approximate equality.

Case I, when 8a=1,86=0, 4,=0, 0,=0

R . 4 "
Here —— 16- 17_ sin2X (1 +sin®A)=3sin2h — fsindn

u, = (1—cosL) [16-17(gsin2x—%siu4x) + 1608\ — 2426 sin 2\ +0-02 sin4~7\]:
° 0

= (1—cosL) [16'087\—4'02sin4?\:|:
0

=161 (1—cosL) {9-—§sin20cos2()\+7\0)}

=281 6° (1 —cosL) {1— 81330 cos2 (A +2g) } B € 1))
R 5
1617 cotA=2cos?\ (1 +sin®A) =5 + cos2A — & cosdn
R 79 L
617 tanh =2sin’A (1 +sin®\)=2%—2co0s2\ + § cosdr
Lcotn I°
[— R( 573 T ta.n)\smL) =-16" 17 73 l:% + cos2\ —tcosda 2co82\ + %cos47\.)] 7;0

=+ 2823 1° {2<1 _281"L)Si“95i“ (4 2] “é(l -

= 0L )sin26sin2 (-+2,) }

o sinZ sinf sin L sm29
= —0-0098 L°6° {(2 —1) sin (A4+Ag)+ 4 (1 e s z(x+xo)}

1 :
 tanhsin(8L) [—0-2807 A°+ 2426 sin 2\ —0-02 sin 4\ ]"

Z 6° tam sinL{ —0-2807 + 8469 # cos (A+Ag) —-0014 s‘.‘jgo c0s 2 (A +2y) }

=_ —0-0049 L°6°tan A sm]j{l 3 1o¢ cos (A+2y) }

R — .
—B: avo\/l—e‘z sin (8,1) [tan A —0-000,058, 20°4-0-000,004, 2 sin27\.]:

—1a-. : :a . sin @
=16"17sin2(1 + sin®r,)sinL {m—o-ooo,o58,2o°+ 0:000,008,4cos (A + ho)sinO}

. in 7 _ '
= +0-0049 L°g° E‘BL_ sin2x, (1 + sin®A) {sech sech, Slgg
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Hence

in 2
ve=v, = +0:0009 2200 L L 2 (L2 )sin (raa 26
sin L

0

sin@

" g

+ (1 —) sin 2 (A+2)

+ (—1+3 cos (A 4+X,) Sl; 0) tanX

+ sin 2, (1 +sin® Ay) (sec Asec], 813 0—0'00334)}

=0-0049 L° 6° #[— tan A —0-00334 sin 2, (1 +sin? A))

4 snf {2 P ) sin (A +Xg) + 3 cos (A + X,) tan A+ 2 sin Ag(1 +sin®\,) secx}

L . sin 2
+(1- ) s 2 0oen
_— 9
Now sin § = 1and — L = 1 the error being about -01 when 8 or L=15° hence sing or
g - sin L [

sin20
20

may be treated as unity when multiplied byLL —1. It follows that

v;—v, = +0°0049L°0° # 1tan A (cos()»+ Ao) — 1) —0-00334sin2x, (1 + sin®\)
. (37
)(2sin (7\.+)\U)—siu2(7\+xu))} (87)

+ 2secAsinIn

_R sec A sin (

B

1;0’;0 L) = —sec\sin L (R—R,)
; -
= —0-2823 7° oL

L

sech [% Sin2X — § sin 4 :I;‘
0

sin20

= —0-0049 L°0°¥ secx{3cos (M) % — 082 (A +N)
lﬁsecksin (8L) [ ~0-2807 1+ 2426 sim 2n~0-02 sin 4. |
0

= sec A sinL {—0'28070° + 48:52 cos (A +A) sin é }

—0°0049 L°6° sec A snzL {l—3cos (7\+7\0)—81—g§}

Hence

. & in?
wy—wy = — +0049 L°0°M%L sech {1 —cos2 (A+2Ay) 51350 .. . . . (38

24. Case II, when da=0, 80=1, 4,=0, w,=0. Here

%) sin A

—— 8in 2\
e?sin 2\

R= —16-2258 (}:
= — 811 (sin 2A— } sin )

Equations (35) hold for this case if we use the above value of R and change the quantity.
—0°2807\ + 2426 8in 2\ — 0°02 sin 4\ into —0- 2847\ — 2434 sin 2\ + 0°02 sin 4.
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Then

HUy— U, = (1 —cosl) [—8'11 (sin 2x— 4 sin 4A) + 16:3 A+ 2426 8in 2N — 0* 02 sin 47&];;
= (l—cosl) [16'3X+16° 1sin 2\ + 4'04sin4-7\.]x

= 283 6° (1—cos L) {1+2’“;0 A+ + 9‘2—02—9cos~z x+x0)} L. . (39)

1——6{{’3 cotA= —2sin®A cosA coth= — 2sin*Acos®A = — {(1 —cosdr)

16R03 tanA = — 2sin’\cosAtani = — 2sinA = — 1 (3 —4cos2\ + cosdr)

LPeota A_ 1623 sinL ]
[—R( 573 +tan7\smL)] e 57~—3-[1 cosd\ + 1 (3 —4cos2n + cosin)

sinL\ . sin20 sind . sind
o ! o SIN-L bl
7 )sm.. M) 99 -+2 I, sin (A +2) 5 }

=0-0049 L°6° { (1 —

%tan)\ sinBL [— 0°28470°—2434 sin20x+0-02 sin-l-)&] A

I

tanA sin L@° 1 —0-2847 —0-8497 cos (A +1A,) 12_0 +0°0014 cos2 (A +1,) Sl;;ﬂ

= ¢ tan?\smL{ + +00497 + 0 0148 cos (A + A,) “Jg.‘? —0-00002 cos2(A+X,) ~oo— 3““9
= —0-0050 I°6°tan A ﬂ' {1+3 cos (A+1,) 7,‘}039

R°v° \/1 — ¢ sin (B,L) I:ta.nx 0°000,058, 21° 4+ 0 000,004, 2 sm27\]x
0

= — 1623 sin2\, sin®\, sinL { 00 .000058 26°+ 00000084 cos (A+2,) sma}
. cosn cosh,
on yopoSINL . . sin @
= —0-0050 L°9 e sin2, sin®\, 9 sech seci, e —0-00334
Hence
- .
ve—v, = 0:0050 Log° 2~ ( —l)sm~(7\+7\o) MLEPE sin

+ 2sin(A + )

L sin L 09 g

—(l+3cos )\+\(,) )t n A

—sin2x, sin;, ( —0°00334 + seck sec}, mg) }

= 00050 Loge St ]‘{s‘“ 0

I ~0 sin2\, cos\, sech —cos(A+ 1) tau)\.) —tan)

+( L . . :
(sinL—l ) sin2 (A +A,) +0'00334sm27\031n’?«1,} . (40)
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R . Ry, . . R
-5 secA sin (BL)+ YR secA sin (B,L) = — secA sinL (R—R;)
0

= +16-23 sech sinl [4; sin 2 —1 sin4)»]:
0

sin 6 sinR8
g —0052(l+ XO) Tﬁ—

=0-0050 L°9°# sech { cos(A +2A,)

A

sec sin (BL) [—0-28477&.—24"34- $in2\+ 002 sind, ]}\
0

1
B

sech sinL { —0-28476°— 48 68cos(A + 1) sind }

= —0°0050 L°6° sech S“zL { 1+3cos(A+A,) ﬂ’;ﬂ
Hence
w,—w,=—0-0050 L°¢° SIEL sech { 14+2cos(A+2) %ﬂ +cos2 (A+A,) S];—gﬂ (41)

25. The closing errors for cases III and 1V have also been considered and are practically
zero. This is at once evident also from the computed values of #;u, etc. which agree to at least
0:001 of a second. It is otherwise clear that there would be no closing error on a sphere caused
by moving the origin: and accordingly the effect on a spheroid must vanish with ¢* and accordingly
have ¢* as a factor. In considering closing errors then it is only necessary to take cases I and II
into account, and this may be done by means of equations {36) to (41). The form of these
equations explains how the closing exrors found in tables II, ITI, IV approximately satisfied the
empirical relations (18). The relations would not have been equally satisfactory for case I and
case II considered independently.

In the case of Indian triangulation 6° only exceeds 8° for values of L° between —7° and —1°
and is greater than—8° for values of L° between — 5% and +38° : so that we can always consider
one of the quantities, 6° or L°, numerically less than 8°. Closing errors for the elementary area
d L d» are now deduced from the equations (36) to (41). In what follows Z is treated as identical
with sin L.

Putting U, for «,—u, in case I, U, for n,—u, in case II etc. we have, omitting small
terms

dUl-':_16-1sinL(1—cos4x)ade. P (0
/lU3'=_ 16-1sinL () +2c0s@r+cosdA) dLdN . . . . . . . . . . . . . . . .43
dVll—__- ~16-17 cosL {—2 sin2x+ sind A +4 812\ — sincl-x}dL(lk
+ cosL {secgk {— 1608\ + 2426 s1n2\) + tanh(— 1608 4 48-52 cos2]) }(U, an
+16-17 sin2x, (1 + singho)cosL{sech—0'0033lv } dL d\
'=‘ 1G6-1 cosL {sec'-’k (—L+ 3 «in2\ +8in20, (1 + sinﬁxl,)) + tanA (3cosA—1) —2sin2>»} dlL ax

=16"1cosl, {scc“)\ (0-871 — X + 8in2)\) +sin27\—4~tanh} ALdn.

.'=l(i'lcrmL{sccgh(O'B“—K)+Hin27x—tank}dex P ¢ 2
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&>

av,= 1623 cosL { sinn+2 sin?n—sindd } 4L dn

+cosL {sech (—16°3A—24-34 sin2\) +tanh (—16°3—4868 cos2) }de)\.

—16-23 sin2), sin®rg cosL sec®\ dL dn
162 cosL {2sin2)» +sec\ (—A—23sin2\ —sin2), sin®Ay) +tank (—1—3cos2)) } dL dn

l_-—16'2cosL{secgh(0'125+7\.+%sin2)\)+2tau7\—sin2)\.}tlLd7\. e e e e . (45)

-

= —16-2cosL {sec‘-’h (0-125 + 1) + 5tanh —sin2: } dLd\
Putting A,=24°7"11"-26
dW,= —32-34cosL cos (1 +3sin®A)dL dr

+cos L {sin?\ sec?A (~16°1n+ 24- 26 5in2\) +seeA ( — 161 + 485 cos2\; } dLdn

= —16-1cosL {20057& (1 +3sin®\) + sinX sec®s (A — 3§ sin27) -k sech {1 —3cos2)) } dL dx

= —16-1 cosL {Man)\ +14+ 5cos‘~’)\—-ﬁcos“x} sech AL d\ T E 1)
dlV,= 162 cos L x6 cos A sin®\ dL d\
+ cosL {sin)\secgh(— 163X —24-34 sin2X) + secA(— 163 — 48 -68cos2)) } aL dx.

= —16-2 cos L { — BeosAsin® + secA (Atanh + Jtank sin2h + 1 + 3cos2\) 4 dL d\

=—16-2cosLsec)\{Mau)\+1—3cos‘3)\+600s47\} al.dn . . . . . . . . . (47)

By meauns of equations (42) to (47) it is possible to find the changes u, v, 1 at P as computed
by any route. For

w=u,+ fdU

the integration being taken over the arvea between the desired route (upper limit) and the central
parallel and the meridian through P: and , being the quantity to he found by properly combining
the four cases. "This obviously does not get rid of the multiple values obtainable tor x, v, w
according to the route followed, but if any route has special advantages, results of following it
become available. One such route is the geodesic, or the shortest path between any point and
the origin, There is something to be said in favour of following this route, and the subject of
the geodesic is accordingly considered in some detail inthe following chapter, where a direct
method of finding the quantities », », # along a geodesic is also made use of.

In concluding this chapter it may be pointed out that the equations (42) to (47) enable the
differences of the values of w, r, = to be rapidly estimated. This makes it clear at once how
far it is a matter of importance to strictly adhere to any route that may be selected: for the
difference in values that will be found by any two routes is the closing error.
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CHAPTER 1L

Geodesics on a Spheroid.

1. It is now necessary to develop some properties and relations of a geodesic in order that
the changes of coordinates due to change of axes may be computed along gcodesies. A
fundamental relation of a geodesic on a conicoid is*
pD = constant . . . . . . . . . . 0}
where p» is the perpendicular from the centre on the tangent plane at a point and D is the
semidiameter of the quadric parallel to the tangent to the curve at the same point. In the
case of a spheroid there is symmetry about the
polar axis, In the figure ZOX is the equatorial
plaveand YCY’ any meridian. Let P be any point
on a geodesic: then the plane through O parallel
to the tangent plane at P is the planc DOX, where
OD is the diameter conjugate to OP. If ¢ is the
eccentric angle of P so that the coordinates of
P are O, zcosp, bsing then

Od2 = a®sin’¢p + &2 cos’¢
For a geodesic proceeding from P in
azimuth 4, the semidiameter parallel to it is 0Q
where DOQ =180°—A4 and so
D= (sin”A cos’4 ')—5
a* a*sin’ + (Pcos*

a® 4 sin® A cos®¢p (h*—a?)

_ (a2 (a® sin® ¢ + 7 cos’ qb))é

Also
];2 = ]
cos’  ninie
o TR
hence
P D? = at b

@+ wint A con'p (1 — )
which is constant along a geodesic. It follows that
sin 4 cos = constant = k=sind, . . . . . . . . . . . . (@

along any geodesic, ./, heing the azimuth of the geodesic on crossing the equator.

® (leometry of Threa Dimensions by Gicorge Balmon, 3rd edition, § 397,
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9. Take two consecutive points on a spheroid and let 4 be the azimuth of the elementary
line joining them. Then if the latitudes and longitudes are \,L; A +dA, L+dL it follows that

veos A dL
tan 4 = YA . (3)

where p is the radius of curvature of the meridian and v is the normal terminated by the minor
axis.

The relation between the latitude A and the eccentric angle or “reduced latitude”” ¢ is
tan ¢ =%ta,n7\= VI=étanr=(1—¢tanx . . . . . . . . 4

Differentiating (2) logarithmically
aA

d¢ =tandtang¢ . . . ()
and by (4)

dp _ b cos’d

ﬁ-a_cosg)\"""""""""(6)
Multiplying (5) and (6)

dad _ b cos’p _ tan A tank

w = tanAtnn¢ cosin = ?.

b tan Atan i o
= T = — t t N . . . . . . . . .
@’ l=—ée*sin®\ v an 4 tan A (7)

Equation (3) may be written

_ P
L-—jycosk.tanxldx O )

and the integration of this will now be performed.

cot’ 4 = cosec’ 4 — 1 = COZ_¢ -1 . . . .by(?
_ 1 1 = cos*A
2 ( 2)\) 0T B (1=¢sin?y)
tan d = + — — L\/l_e sin 7\' =+ 'k \/l—e*sinﬁh
T VIR (1= s VI=E T-atsii
L. 3
where a? = I_T and the + sign is taken for Ist and tth quadrants and the minus sign for the
2nd and 3rd quadrants.
Heuce by (8)
d\
V1=esinx \/l- Tsin?A COS A
p 1-¢*

1—edsni
Put z for sin\: then

1_¢ﬂ) de
L=+ 5 U
SV ey -/Jl—r-z’ Vicaa-ay 0 O
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This is an elliptic integral which canuot be integrated exactly : but it may be developed in
a series of integrable terms as follows.
Put 1-22 =3, then
1 1 1 1 1
VAT I-22~ 7 V' 1=+ x/l—e2 ¥ V/1+8%y

1 1 2 * Q
J1-¢ {F—w"L 28

hY_J

. (10)

where 8 = €%/(1 —¢%) : hence

dx 1 dz 2 2
Ji-eo \/1_0’21‘2(1_1‘2)— V1=¢ V1= a.z"{ s — 18 +ERY (1= . } - (11)
Finally put simf=ar=asinh . . . . . . . . . 0. .. (1Y)
Then
dz’ 1 cos0do 0 )
\/1——al$2 = f C()So = ; L . . e (15)

f dz —lf‘ifﬁzﬁ _af d tan 6
(1—2)y/1-dz ~ a J1l-—7 a®+a*—1|tand

1 Vai—1
= -1 e e e e 14
Ja—1 tan ( = ta.n0> (14)
The remaining terms of (11) may be dealt with by the formula of reduction (17) now deduced.
wef Pl = L O
VI NV1=-d T a 1—a’a?

1

1 .
=';.f'un—2—?j‘/;‘“‘2\/1—a2z‘3dz D e e e e e s (15)

Integrating by parts

1 -
Uy = P z~~1d \/1—0.2 z°

1
=—'¢—l—-l'n 1,\/1-—a 'z"

22 /12 dz . . (16)
Multiplying (15) by (z—1) and adding to (16)
r—1, R N B
M=ty =% " 4/l=a’2®* . . . . . . . .17
Hence
1—2° 0 -
=y (- ) +gme/T=F2 . .. ... )
and from (9), (11), (13), (14) and (18)
I-L'=+ ka/1—¢

VIR [\/212_1 tan~* (‘/“_'tanﬂ) e, 2

+§B4{ = (1 )+ a7 smkcose} .] . (19)



THE EARTH'S AXES AND TRIANGULATION, 43

in which
9 = sin~!(asin}) 2
— k2
R
g o= 1-—-¢
Hence =
. — ke .
sind = 1= sin A
tan § = \/17 kKe*sinh 7)\/77!7—‘,36' tan A
nes \/I—L'—(I—kgﬁ)smh =k —F tan)\.(]—a
1— ket tan ¢
= _—T by (4
1=~¢* /1 —4%ec’ y
=_\/1 Crangsecd . . . . . . . . . (2
J“’_ltan0= + ktan psecd = + tan 4sing . . . . . . . (22)

a

Since 8 is given by (20) we may always arrange that it shall be in 1st quadrant and the
sign in (22) must be taken accordingly.

Put
tanyr=+tan Asingp . . . . . . . . . . . . . (23

- being always in the first quadrant.

Then (19) may be written

, pr] __ ¢ 3et — .
L_L=i|:i\lf—‘ E(l+l+k’|§+...)k0 g1+ ...)k/1—# sin A cos 6+ ] Co L (24)
Now by (2} it follows that

fan A sing = sind, sec¢ sing= sind, tand i tand4, tang
4/ 1—sin4 sec’d /cos’d,—sin*4, tan’¢p «/ 1 —tan’4, tan’p

Hence
_ Y=+ tan~! (tandsing) = +sin~! (tand,tang) . . . . (25)
Neglecting terms involving ¢* (23) may be written

ke® P

{26)

where + and 6 are both in first quadrant and are defined by (25) and (20) respectively. This result
is correct to nearest second for the terrestrial spheroid.

he rul . . . + Ist and 4th quadrant of azimuth
The rules for the double sign outside bracket are 2nd and 3rd quadrant

1

and for double signs before i ;:fi :!111((11 i’:g gszg: :‘:: »”

)2
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The quantity 8 may also be found from (21) which may be written

_ 1 «/l—kgef N
ta,ne._T tﬂé<-tan¢ B 1))

3. To solve (26) for 4, take the first approximation to 4, namely 4, such that
|:sin‘l (tanAltand)):]::, =L=-L . . . . . . . . . . . .(28

and for brevity put tan 4, tan p=2, tand,tan¢’'=yand L—L'=6
Then (26) becomes
sin“lg—sin~ly=60 . . . . . . . . . . . . . (29
2 /T=g—y,/T—z* = sinf

Squaring and transposing
z'+ y*— 2% —sin®0 =22y /(1 —2?) (1—9%)
Squaring again
sin'd — 2sin® (22 +5° —22%%) + (z°—y?) %=
or (22— y*)* +42y’sin@ — 2 (27 + 3°) sin’ +sin'6=0

and putting this into factors

(2% + 5 + Rzycosf—sin?b) (#* + y*— 2xycosd —sin®6) =
Substituting for 2 and y it follows that

tan4, (tan ¢+ tan’p’ + 2tandtangd’cos ( ) =sin®(L—=L") . . . (30)

The double signs have been introduced by the process of squaring and it is necessary to
return to (28) to decide which signs give the required solution.

First supposing tan ¢ and tan¢’ of the same sign and ¢ > ¢': then from (28) changing the
sign of tang’ diminishes the value of tan 4,: hence by (30) we see that the lower sign must be
taken. The same is true if tan¢ and tang’ are of opposite sign, and as ¢ and ¢’ are interchange-
able this shows that the lower sign in (29) must always be taken.

Again if ¢ > ¢’ the sign of tan 4 is the same as that of L— L, and if ¢ < ¢’ the sign of
tan 4 is opposite to that of L —L’.

Hence we may write (30)
sin(L— L)

tan 4, =+ . e e e
\/tan *¢p+tan’¢dp’ —2tandtand 'cosL — L’ (81)
the upper or lower sign being taken according as ¢ > or < ¢".

Also  tan’¢ +tan’¢’—2tane tang’ cos L— L’

= (1—¢?) {tan9x+tan’7\’—2tan7\ tan\’ cos L—L’ } by (4)

2 ’
(l—eQ)(tnnX—tanx’) {1 4tan)\ tan)’ g L—L }

(tan\ — tan)’)? sin? 2
PR sin (7&—7\'))2 2
= (1—e¢ )( cosh cosn’ /] S¢¢¢
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L—L sin2\ sin2)\’
2 " osin® (A=N)

where tan’ 0 = sin?

so that finally

tan A= + sin (L — L’)cosw cos\ cos\’
o A/ 1T—e sin (A—=N\) 2
_ sin} (L=L') . . ot (32)
where tan w = Sn =N =) sin2A sin\ g
and cos w is taken positive.

4. Denote by ,A the approximate value of 4 which corresponds to A, which is an
approximate value of 4,

Then
sin ;A cos ¢ = sin 4,
: . (33)
and A+8,4= 4
Hence .
sin ;4 cos ¢ 1
tan 4, = — = =
VT /1—sin2 dcos®p  4/sec *pcosec ZA—1
_ 1
T y/secidpeot’ A + tan’d
By (30)
sin® (L= L’) (tan@ + sec’¢p cot?; 4) = tan’p + tan’p’—2 tang tang’ cos(L— L")
cot? 4 sec*psin? (L—L') = {tan¢ cos(L—=L1") —tan¢>’}2
_ sce¢ sin(L— L)
tan, 4 = + tang cos (L—L')—tang’ ~ =~ ° T (34)
Similax] - secg’ sin (L —L')
imilarly tan, 4 tng cos L—L)—tang  © (35)

By differentiating (33) logarithmically with regard to 4, and ,4 we get the relation between
84, and 3,4 as follows:

cot, 4 8,4 = cot 4, 64, e G133

Equations (34) and (35) correspond to the ordinary equations of spherical trigonometry to
which they reduce if the eccentric angles ¢, ¢’ are replaced by latitudes A, A",

5. Suppose next that
Ay =4 +84, . . . . . L Lo Lo oo 3D

where 84, gives a second approximation to 4,. Then by (26) neglecting terms in e, it follows
that .

w
=~

e

l

7

3

' 6 -6) = + 8 [\[/] =3 I:s.i:r1 (tand, tan¢) :Ii,

_ sec®4, tan¢ ) ‘
—SA,[—\/mmd), e e 38)
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With notation of (20)

I=esin’ A

sm0=asm7\=: [ —sin 4,

Isin A =sec 4, sioh ,/T—¢%sin 4,

since k = sin 4, = sin 4,

cos 20 = 1 —sin?Asec®4, (1 —¢’sin °4,)

= cos’A— (1 —e?) tan?4, sin’A

sec?4, tan¢ - 2/ 1—e® sec®d tanh  _ J/T=# sec?4, sinh sech
J/1—tan’4 tan®p  /1—(1—¢°)tan*4, tan*r
by (38)
SA ¢*sin 4, cos °4, (CELS]
Ve B I:sin X see 0] ;.
Now
sin Asecd = %ta,n 0
3/l1 _ €*sin2 4, 1—-¢sin’4,  6—6
- 4 1—¢ tanf — tan6’
(39)
in which

= gin=1{ u:
0 = sin (sm Asec 4,,/T—¢*sin QAl)

For eomputation

sin 0.'7: sin ¢ sec 4, {1 + i‘; (cos *p —sin®4,) } since sin X = sin ¢ ,/T—¢? cos %

3

- ¢ . . .

= sin ¢ sec 4, (1 + 5-cos % cos ? 4) since sin 4, =sin ;4 cos ¢
- ~

Let sin ) = sin psec 4, and 9 = 6,+860

sing sin¢>
tan 6, = = tan¢ sec, 4
17 /cos®d, —sin qu \/cos ¢ —sin? 4 cos’d $ sec
and 80 = % cos ¢ cos” A4 tan 01— — s1u~¢> cos 4.

With a given value of the larger quantity 6, & say @ it is clear that — 60

is greater
tand—tang 8

the smaller the value of 8’ ; its maximum value accordingly is -a—i—(_} and the maximum value of this

quantity occurs when =0, when it becomes unity. Itis quite clear then that 84, cannot, exceed

4 ¢*sin 24, i.e. 6°. sin 24, in the case of the terrestrial spheroid where ¢* = 5o
6. 1If ds is the length of an elementary line
pd\ = —ds cosA

§=—fpsecd dr



Put
where
Put
then

Now

—a \/l__es[x+‘.§h2‘/s.ingxdx— é/tfm x x
‘/sin "y dy
‘/S.ingxdx

On a geodesic

THE EARTH'S AXES AND TRIANGULATION
cosd =

a(l1—eé?)

(1—¢*sin®n)%

47
V' 1—sin?d, sec’p = cosd, /1 —tan*4, tan"¢p

t
; tanA= —an e ¢
VI—¢
. sing . - o 1 —¢? \/ 1—e
A = - 1—¢*sin*A = ——5— ; COSA = COS
sm \/1 —e? COS‘ . 1 —e? cos’p ¢ 1 —é cos"’¢
whence
=4 (1—=¢ cos%)g
P V1 —=é )
dan de
Also sinh cosh ~ sing cos¢
i =dp- V1=
1 —e® cos*¢
3
. = _‘/a(l—ew'osqb)é secd, «/l——e‘ i
VI1=¢ /1 —tan® 4y tan’p 1 —e* cos’d
= —asced f\/ 1-¢?cos’d A
1—tan® 4, tan’p
. dx
sing = ¢ dp = ———
¢ ¢ \/1 2°

_asecAof,\/ 1—¢*(1—a%

1 —tan® 4, 2%/ (1 —2%)

do
. 7

—
- _ 1—- 1—.2")
= f\/ cos~A dr = —a /1=¢ f

g =_°

VAT
—ez

. dz
\/COS"A e
=cosd, sin y=sin ¢

—a Jl—_ej,‘(x\/1+,8~cos-fl smx cos A

cos A4, cosy o cosydx
—a /1= ./.X\/l +A4%sin*ydy  where h*=3%cos *4, =

e*cos*4
1—¢*
+ S.
1

— —cos y sin"—! X +

lf
n“—

— 4 cosy siny + X
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/s:in‘x dy = — }cosysiniy— % sin®*X dy .
= — }cosysin®y— {cosysiny+§x
ete,
coos = —a,/1-¢ I:X(H:Hz2 —h‘ )——cosxsmx(l——h’...)
L X
cos y sin® y (1 J- . ] .« . (40
+ gg COS X I X )
. sin ¢
where sin y = ——T_.
- X = "eos 4,
. , R .. (4D
A2 = € oS *4,
T 1-é
Otherwise since sin A4 cos ¢ = sin 4,
. sin ¢ sin A,
siny= — T~ "0 — tan ¢ tan A, cosec A
X = sin 4 cos ¢ cos A 0
LV 9 )
sin >4 cos ? sin 24
Also tan34, = — ¢:~ = . =
1—sin®4cos?p  tan3?¢+ cos A
. tan
and sin y = 4 ————(#7_4
Vtan?¢+cos*4
tan y = 4 tan¢sec 4 . e e .o e (42
7. To facilitate reductions, tables are now given enabling the counversion from A to ¢ and
. ) i N esin®n
vice versa to be easily performed. They have heen computed from formula A—¢=1. 7=
which is readily deducible from (4).
Table XX 1.
A d—A A d—A A ‘ d—A A \ P—A
° ! ’ ” < ’ ” o ’ " ° ’ "
0 —o oo 10 -1 3773 20 —3 40°3 30 ~4 571
1 —o 12'0 11 -2 84 21 —3 49°3 31 -5 3o
2 —o0 23°8 12 —2 194 22 —3 382 32 -5 85
3 -0 358 13 —2 30°3 23 -4 67 BE] -5 13’5
4 —0 475 14 —2 410 24 —4 14'9 34 —5 182
5 -0 59's 15 —2 314 25 —4 22'8 35 —5 22°§
6 -1 113 16 -3 1'8 26 —4 304 36 —5 264
7 —1 23%0 17 —a117g 27 —4 37°6 37 ~529'9
8 —1 34°3 18 —3 21:6 28 ~4 445 38 -5 3371
9 —1 4579 190 —331°2 29 —4 309 39 -5 358
10 —-1 37°3 20 —3 40°3 30 —4 37°1 40 -5 382
Tuble XXI11
¢ A—g ¢ e | e | A-e o | r-e
o ’ " L] ’ ” o 4 ” o ’ "
0 +0 o'0 10 +1 35777 20 +3 41°1 30 +4 576
1 +0 12.0 11 +2 8'8 21 +3 301 31 +5 3°5
2 +0 23-9 12 +2 19 8 22 +3 588 32 +5 89
3 +0 35°9 13 +2 3077 23 +4 7°3 33 +35 139
4 +0 47+9 14 +2 4175 24 +4 155 34 +5 186
5 +0 3977 15 +2 5179 25 +4 234 35 +35 22°8
G +1 11°3 16 +3 2°3 2(; +4 3079 36 +5 267
7 +1 233 17 +3 124 27 +4 38°1 37 +35 30°2
8 +1 348 18 +3 22771 28 +4 45°0 38 +35 33°3
9 +1 46-2 19 +3 317 29 +4 514 39 +5 300
10 +1 5§77 20 +3 411 30 +4 57°6 40 +5 384
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Values of 4,, %, s together with certain of the quantities by means of which they are com-

puted are now given in tabular form for geodesics passing through the origin and points L, ¢,

for values of L’—Z differing by 4° from O to 24° and for values of ¢ from 10° to 38°.

It is

clear that for longitudes east of the origin the value of A4 is 360~ (its value in table) : and that
for s there is no change.

TABLE XXIII.
¢ L'—1 0° 4° §° 12° 16° 20° 24°
;o Vo w P o 4w o 4 L "
180°— A4, 6 0 0 |1r40 3272|2058 57|30 15 4378 | ad 27 a%o |4y ¥ 4578 | 44 23 53°7
—384, 00 137:2 2 4l-6 3 67 322 2 489 2271
38° 180" — 0 0 0 |[1142 9 22 0 47 30 15 51 36 30 7 A1 5 AL 14 26 21
loe k —o 1-3071363 | 7-5738213 | 1-7024180 | 1-77.04081 | 1-8177511 | I-8451916
A2 0000682 0006407 0005743 0004985 0 004318 0003795 0003407
sh 0-243714 | 0250921 0-271391 0-302418 0-341099 0885090 0-432724
180°— 0 0 0 |)64626-0 |30 1 52539 b 30°0 | 45 € 17-2 ! 48 59 53°3 | 51 34 132
—34, 00 2140 3215 20-0 2530 2 217 1527
34° 180° - _4, 0 0 0 |16 48 40 30 5 14 39 11 50 5 000 149 213 51 36 ¢
log k —o 1-4612245 1-7001131 1-8007114 | I-8506405 | 1-8780268 | I1-8941560
A2 0006682 0-0006123 0005003 0-004013 0003323 | 0-002872 0002578
sib 0173925 0184246 0212464 U- 252555 0°299755 0°351166 0-405139
180" — A U 0 0 12731 14343 2457 | 505659855 2 124 | 37 17 10°9 | 58 34 48°1
-84, 00 3 24°3 4278 2 368 1516 1 18-3 3 0 549
30° 180°— ., 0 0 0 271439 13 6 14 50 59 37 55 4 1 57 18 29 | 38 35 43
- log k - b 16606593 1-8346251 T- 8004627 T-0137238 1-9250002 | 1-9312075
n? 0-006682 0005282 U 0U3562 0002647 0-002191 0001949 | 0-001814
sh 0-103942 0121200 0-162319 0-213923 0° 270030 0:328293 0-387702
186°~4, | 0 0 0 152543366059 1646250 197! ¢841 336356277
—34, i v 0 2 46-9 1 77 0321 0164 0 65
26° 180°—~4, - 0 0 O | 5257 21 Gl 0 24 62 59 52 63 41 20 63 56 34
log k i —o 1:9020954 | 1-9418474 | 1-9498721 | 1-9525018 | 1-9534480
h? | 0-006682 0002425 0-001570 0:001378 0001313 0-001289
s/b | 0-034077 0-072033 0-131409 0-193359 0255990 0+318858
180°— 4, 0 0 0 | 5331 3:3|622514°3| 6441 45°0| 65 31 84| ¢5 50 390°9 | 65 56 48-9
—354, 00 3 51 1190 0337 0204 0 04 0 21
990 180° —.4., 0 0 0 |53384 % 62 25 33 G4 42 24 65 31 20 65 50 49 65 56 51
= log - 1:9055652 | 1-9476361 | 1-9562317 | 1-9591081 | 1-9602121 | I-9605528
I 0006682 0-002357 0001432 0°001220 0:001147 0+001119 0-001110
s/b 0:035775 0:073722 0-133777 0196608 0-260182 0324032 0-387973
180° - A, ‘ 0 0 0 |291911:0]4625 6-2 |55 5 13.3 |59 41 41-7 | G2 18 452 | 63 52 30°2
-84, 00 4 235 4 79 311°5 2311 1 43-1 1150
18° 189’ — 4, 0 0 0 (292314 46 29 14 35 8§ 25 50 44 3 62 20 28 G3 53 43
log k — 1-6908226 | 1-8604705 | 1.9141068 | 1-9363608 | I-0473002 | 1:9532744
it . 0°006682 0-005973 0-0031¢8 0-002183 0001697 0001440 0-001291
s/b | 0'105616 | 0-124192 0-108012 0-222619 0281789 0°343134 0-403645
180° — 4, 0 0 0 | 19225283431 141 | 4451 50-8 | 51 41 49-G | 56 15 27-3 | 59 21 593
-84, 00 3 83 4279 42741 3 548 3179 2 43-8
14° 180°— 4, 0 00 |192 1 34 35 42 44 56 18 51 45 44 56 18 45 59 24 43
log k -0 1+5220722 | 1-7541739 | 1-8490169 | 1-8951186 | I:0201629 | 1-9340366
2 0006682 0-005943 0004528 0-00:4348 0002360 0°002056 0001730
) 0:157964 | 0-187488 0-219676 0-254754 0-317253 0374042 0- 433406
180° — 4, 0 0 0 | 142713627 2 2713658 974426587 |50 0 9054 &8 78
-84, 00 2 29-4 4 55 4 41-4 4 358-9 1187 3513
10° 180° — 0 0 0 |14 29 43 27 6 8 37 251 44 31 38 50 4 28 54 11 59
log k —0o0 1-3984612 | I-6595649 | 1-7790407 | 1-8458708 | 1-8s47203 | 1-9090537
At 0-006682 | 0-006264 0-005295 0°004257 0003396 0- 002752 0-002387
sy 0:245270 | 0-254192 0:279254 0-316635 0362531 0- 414102 0- 469464
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TABLE XXIV.

¢ | -L| 4° 8% | 12° | 16° | 20° | 24° |-z | 4° 8° 12° | 16° | 20° | 24°

ot nlot ule + wu|lo v wlo s wle 1+ u ot wuloe + wdo s+ wuwlo s+ wuwlo t wlo + u
¥ 91848-0 182447627 719-7]351917-2|4257 7-8/50 029-70 ¢’ 51813-3(102338-1/15 b5 35-6/19 16 67-9|22 54 14-4/25 57 2.0
388° [ 39 246 |4l 4134 14582 6 [50 252 |544940 159 36 57 4 243944 126 825 281242 (303056 [324656 (345054
—x |38 57 23-4:41 36 40-7|45 27 50149 50 15-0/64 46 36-4/59 34 23-7] —x' |243533-5/36 432528 0 8:0(3027 41:7(324358-1{34 48 9-4
180° — 4 |14 54 57 l2324 7 (394534 (10 053 |363121 (6241 9 N80°—.4/{124959 (241358 (332048 (403848 [46 2 & (50 331

|
'3 114531-023 015:0/33 22 16342 41 47-9(50 58 589,58 19 40 o' 74454:5/1450 2-1|21 20 26-0(28 30 22-0(30 556 57-1{9416 3-1
o ] 354935 41953 461427 (523024 583431 641330 ¢ 251546 |28 024 314634 1352040 (392829 [41 220
34 —x  [354436:7 4015393146 11 1.0(5227 38-7(58 32 19-764 11 40-3] —x' (251143-3(28 550-3(31 43 90-4(4517 50-0(3926 4-7(41 0 8.1
180°— 4 \‘1025 S ‘371226 4940 0 |58 4554 (853729 (705753 [180°—A/|192750 [I31747 (434737 [505560 (3547 0 [59 656
" n
¥ 171739-5“32422&8‘52748--1554511~5§64 617-871 140-¢ Vg 1317 1-7'2441 9:81332554:11394230-544 3 0-4!465753-6
o e 3417 29 ‘431620 5233 4 (605133 1674747 733940 ¢ 272035 (335330 1402314 [452411 |49 02 ‘512828
30 —x (341316343 13 17:552 35 54060 49 57-2 67 46 36-8;73 38 4u.5] —x' |27 16 653+2133 65 30-9 40 20 59-8(45 22 13-5[4% 38 40:2'51 28 56-3
180°-4 1315440 |62 542 634814 (7112 ¢ |7621 23 iSOli»lS 180°— 430 5 9 |4826‘.’7 ‘58 1349 (635153 {67 930 {89 JU]
" | ' | |
W 101521361 3931-3|73 9 48-7.8031 41-5 3555 33-0; W 1361441-9.533312:2|61 751:06429 4:6/655217-5
o [’} 464353 [644538 (745613 ®IZ0 7 (862026 o 4236 4 571420 (695115 [66AL 1 (69 5
26 —x |16 41 28-7|64 44 36-1{74 54 37-8:81 20 39- 5186 20 19-5) —x' 433359-6/57 13 6216330 13-6/66 50 9-768 4 50+3
[180°—.1'(62 3743 [76.4149 {22630 13549 3 (831242 180°— A’ 6055 52 ‘731755 772015 (786935 (793920
| M : |
Vv 33 11 16-7|50 41 S-Sl58452t;~4|6234 9:8164 17 12-1|64+ 51 13.( W 37 11 57-8(58 42 30-0(70 47 27:9 78.’1650-4'8120 35-0[88 35 15-0
99¢ [ 39 833 |54 238 \(511615 64 4337 1661729 |06 4331 -4 432154 6142 9 723130 (793711 [S46018 (50 05+
a4 x 39 634554 128-4611521-6614251:2|66 16 46-1|66 47 49-] X [431953-1|6141 7-8[723054-2(7936 4983450 7.7/30 053.3%
A 5011 58 lTZSGM "771149 l:sss»m 794627 (80 136 A 6146 9 [76 518 (8155 9 I85183l §74119 (80333
¥ 1032 37520 04&5'274316-93350 3-8381848-4!4132 18.6] vy 143319-3[23 212.21395022.2495251.15322 16-3/65 36 27 -9}
° o 1204913 [264215 324522 (375019 |414518 |H43751 0 [275641 961959 453030 [535835 612415 (675121
18 x 20 46 19:6:26 40 3-8 3243 39-5(37 48 537 0‘]44 704 36 44-2 x' 2753 5-0|3617 23-845 28 38-0(53 57 11-3|61 23 12. 467 50 37 - 4/
A 131 342 ,494120 J593749 6515 0 1683823 [704€15 4’ 1323012 (523432 }6358 4 |71 253 |755438 (7903150
i | i j .
[Ug l5 247-9] 954 8-1142421.7(18 26 45-7,21 57 515 24 56 51- V4 9 330-7175533~G"262830-33{2936-742 125.-349 1 7.3
o 8 145425 23 2 6 }255256 [282427 ¢ |2540 9 (204342 351135 (411257 (4718423 I5314 3
14 x 145152 \ 23 032:1.255133-0282311-6 x' 25 36 10-8)20 4021-635 852-0(41 10 46-4|47 16 56-3:53 12 35+ 0
o120 313 (354850 1464259 > 248 |59 233 i623120 A" 2122 1 (332638 5040 4 (591043 {5540 1 703019
{
i ‘.’.‘)640-(]l 51038-7| 73855-8( 96916-4/12 946-7|14 9 4.2] 63739:5/3112 5.91941 6:8/26 211-0/32 13 24.1/38 13 24-0!
o 2] 10 21 50 \111640 123530 |14 714 1543 7 171714 8 245738 (271820 1304521 (345430 (392720 [441129
10 x  |101956-4/111455.3/123358-2|14 551-215 41 52.917 16 7- X |245331-7|2714338-1/30 42 0:1)3451 45-9!39 25 1.4141 931.7
A (144326 (273320 \37&’%4 452411 |51 833 \552630 A’ 1155428 (295534 (411649 [50 957 67 657 [623332

For the case L'—L=0 it is clear that
y=y¢'=0; 0=\; 0'=\; y=+6; ¥=1¢
8. It may be of interest to find the expression for the azimuthal angle of a vertical plane at

the origin which passes through any given point on the earth, so that the difference of this and
the geodesic may be studied.

The spheroid may be expressed
L A
L+ S=1 @y

and P and Q two points on surface
P acosd, 0, bsing
Q acos¢’cosL, acos¢'sinL, bsing’
Tangent plane at P is
cos zsin
‘ia—d’+T4’=1 N )
The vertical plane at P which passes through Q also is

lz+my+nz=1
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subject to the conditions
la cos¢p + nbsing=1 since P is in it
la cos¢’cosL +ma cosp’ sinL +#b sing'=1 since Q is in it

L cosd + nsing =0 since it is perpendicular to (44)

a b
la cos¢> nb smd: la cos¢> +nbsing 1 (45)
a’ — b - T AP
Also
1 la nb la cosg' cos L+ nbsin ¢’ —1
a®—06> T aPsecd = —0Hfcosecdp  a’secd cosd’ cosl —0F cosec sing —a+ b
- macosd’ sinl (46)

5 cosg’ cosL) q( _ s1l¢)_)
N (1 cos¢ Al sing
The azimuthal angle of Q from P as determined by the vertical plane through P is the

angle this plane makes with ZOX or otherwise it is the angle between the mormal to this plane,
whose direction cosines are proportional to /s », and the axis OY.

mn

The angle accordingly is cos=! ———% = cot~! — 0 = say
& gy VE+ut NI =V
tan g = VO W)
m
Now
I _ n __1 _ /Py a
aseco —bcosecp  a?—0? /@ sec’P + b7 cosec’p
T a — z 5
\/l'+n'=m V/sin%é + (1 —¢*)cos’ . -
\/l—e~cos~
aesm¢cos¢.""""""-(48)
and by (46)

. cos¢>cosL (1—e2 (]_ﬂ‘é
~ cos¢p
m=
ae* cos¢p’ sink

_ {singd’  cos¢'cosL . sing’ ..
- {sin(p cos¢ t e~(l— sm¢a)} /ae9 cosg’sinL

tany = VIi=é cos’ ae® cos¢p’ sinL
ae’sing cos¢ sing’ _ cosg’ cosL (l sm¢
sing cos¢ -

_ Rcosg’sinL /1 —e? cos’¢p

. .sing’  cos¢’ cosL ing’
sm2${sin¢— cos¢ +es(l—:;2$).} - (49)

Substitute for ¢ in terms of A by means of (4)

tan g = 1 . sin ¢ _ cos¢ - 1
J1=¢ V1=e*sinh  cosh T /T _gigipin
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Hence the value of tan  is

cos\ sinL T 1—&
2/ 1—¢e2sin®n 1 —¢®sin?A
(sin\’ cosh—cos\’ sinh cosL) 1/ 1—e2  e®cosh /1 —é° ( sinA _ sin\’ )
2/ (1—€?sin?\) (1 —e*sin®) T/ I=Esinn \W1—¢si’h  /1—¢ s\

from which it follows that

. — P
tanyr = cosA’ sinL/ {sin)\.' cosh —cosA’ sink cosL + ¢? cosh (sin)\,\/i © ::22; —sin\ )} (50)
-—e"

¥ being the azimuthal angle of ¢ from P.
The case of a sphere is found by putting e=o0, when (50) becomes

cosA'sin L
ta, =—— — e e e e e 51
Yo sin A" ¢os A —cos A’sin A cos L (51)

which is the ordinary formula.

_ sin &
Let =1+ 8y : then coty 5y — cot ¢,= _S;l‘I“TD‘P\‘f
syl o Sin*Yr cosh \/l—e“sm)\. o 59
8\1,_. Sl ook { sin\ ppeers sinA } O (< 2]

This formula gives the correction to be applied to the azimuthal angle, found from the
formula for a sphere, to obtain the spheroidal azimuth,



CHAPTER III.

Changes of coordinates of triangulated points, due to changesin
axes of the terrestrial spheroid, calculated along geodesics.

1. Consider a geodesic on any surface, and let A B C be three consecutive points on it.
Then A B C is the osculating plane at B and from the fundamental property of the geodesic it
contains the normal to the surface at B. This shows that measured from B the azimuths of
A and C differ by two right angles. It is possible then to describe a geodesic on a surface of un-
known form by fulfilling this condition: and, to take a practical case, a traverse along a geodesic
can be observed on the earth without knowing its figure if access to a level surface is possible.
It follows that if there is a geodesic on one surface which has been selected as representing the
earth and it is desired to chaunge to another surface, the geodesic on the first surface will, on
transfer tothe second surface, remain a geodesic. This property makes it possible to differen-
tiate along a geodesic with respect to the constants of the first surface and so to find relations
between changes in these constants and the quantities defining the position of points.

This fact will now be made use of in counnection with the equations of Chapter II for the
case of a spheroid. Now it has been shown in Chapter I that the effect of slightly chacging the
latitude and azimuth at the origin may be computed, and that the result is practically indepen-
dent of the route followed—values of u, and #, etc. being identical to nearer than 0-001 of a
second : and the resulting changes of latitude, longitude and azimuth for unit changes at the
origin are given in tables XVII—XX. These values then are equally applicable to a geodesic
and so it is only necessary to consider the effects of changes in « and &.

It is however found convenicat not to alter the constant Z of the geodesic ; and since this is
equal to sin A cos ¢, this is given effect to by not changing the values of A and ¢ at the origin.
It is moreover more convenient in dealing with geodesics on a spheroid to make use of the eccen-
tric angle, or reduced latitude ¢, in place of the latitude A. Now the relation between A and ¢ in-
volves ¢? and so if ¢ is unchanged at the origin while ¢* undergoes a change it follows that
A must also change at the origin. In the solution which follows the effect of this origiu change

of X occurs: but as its amount can be found from tables XVII, X VIII there is no difficulty in
removing it.

2. For convenience of reference equations (26), (25), (27), (2), (40), (42), (41) of Chapter 11
are repeated.
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[z] = N 01
¥ = + tan~! (tand sing) = + sin~! (tandytang) . . . . . . . (2)

1 /1-#e
ta,n9=7- T— tany . . . . .o 0 0000 o 0 L (9
k=sindcosp=sind, . . . . . . . . . o . . . 4

: Ll X
s mma /I x Q+4E . )= Ssinty (1= )+ . X 5
[ 8 ]x (5)
tany = + tangsecd = + %’camp N ()]
e’cos* 4

/;’:—l—_e2—° e ()
siny =singpsecd, . . . . . . . . . . o0 L .. . . (8)

The signs occurring in (1) and (2) are to be determined as explained in Chapter II. The
sign of x is determined by (8). It is best to consider a and ¢* as independent variables and 5 as
dependent on these. At the end there is no difficulty in passing to the case of 2 and & considered as
independent and ¢? as the dependent variable.

3. Suppose then that @ and ¢* are changed, while the azimuth and reduced latitude ¢ of
the origin remain unchanged. Values at the origin will be denoted by dashes,

Differentiating (4) and keeping % constant
Sk= 0 = cos 4 cos¢p 4 —sinA sing 8¢

Changes of reduced latitude, longitude and azimuth, in keeping with the notation of
Chapter I, will be denoted by #,, v, w: and the above equation may be written

w=tandtand.», . . . . . . . . . . . . . 9
Differentiating (1) and remembering that +'=0

= [s]-2[s0]-2%06] . . ... .. . (0

By differentiating logarithmically tan ¢ = + tand4 sing which is the same as (2): and by
(3) and (6)

Sy w & . 30 %
sing cosy  sind cosdt ™ cotg = siny cosy . sinfcosf (1 =) 2=" - (11)

any of these expressions being denoted by z. This quantity # vanishes at the origin.

Finally differentiate (5) keeping s constant, replacing 8y by means of {11) and a/1—¢*by 4

.2(_87% (5” ) ;sm2x{<l+ )——cost( ). }—%ﬁg[zx(l...)-siwx(...)]

-z h? 8h? .
h ‘—f—25"“2)({1'*‘1(1"0052)()}_T[QX“S‘“2X]- N )
where
w:(m’,’;;sv I 4 F:
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; S .. N . " .. . |l,..t ' " 8 ' v . \:-4 .
Equations (12) and (13) serve to determive 2 in terms of —;— _ap_d 85’ .For the other
quantities from (9) and (11) it follows that . _ .

rtand

w=tand tand.u, = secd+ coU'd

and from (10) and (11)

,i—v:%sin&[z——]%{[sinm?](l—/c‘")% +xsin20}—&;2[0] e e e (15).

In all the ahove equations square brackets indicate that the quantity enclosed has to be
taken between limits.

4. It remains to give the relation between = aud #,
From (4) of Chapter I1

tang = ,/1—¢* tan

Differentiating this logarithmically

% _ u 1 8
sing cosp ~  sinh cosA 2 1—¢é
or
sin2) 1 &
= — . — . 2\
“= Sinle Wty r—esm
Now
in® 3. 2
s.ln:.)\. = V1= _ 3 2 (2costp—1)
SID2¢ 1 _g-cos'-'¢> . 2
. 2 .
= 1+ TCOS~¢
so that
- e? 1 8 .
w= <1+ ?cos2¢)1cl+ T l-efsm'? R ¢ 1))
At the origin »,"=0 : hence
., 1 & Lo, -
14—1—-1_62511)243 T L V2

5. It may be noticed that by this method the changes »,v,w appear to be found without
any integration, whereas in Chapter I simultaneous differential equations occurred which had to be
solved. The case under consideration is a particular case of the general equations (2) of Chapter I.
The decision to follow a geodesic introduces a relation by which these equations can he reduced
to total differential equations: and the integration of these equatious would lead to the same
results as may be obtained from equations (12) to (17). The same results will be seen to be
obtainable by application to values of w,, vy, w, of the appropriate closing errors. For the case
now under consideration the equations formed in Chapter Il give the results of integration: and
so no further integration is necessary.
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6. In making use of the equations (12) to (17) two cases are considered in which
(¢) &a=1 km. and 8e=0
(¢2) 8a=0 and 8¢*=+0001
The first of these corresponds to a combination of cases I and II of Chapter I, while the
second corresponds to a combination of cases IT and III. This arrangement simplifies computation
and there is no difficulty in deriving cases I and II when the computations are complete,

As no azimuthal change is being made at the origin it is clear that there is symmetry about a
central meridian. In Chapter IT values of y, 8, ¥, 4, %, 12, k {vide tables XXIII, XXIV) have
already been given for every 4° of ¢ from 10° to 38° and for longitude differences of 4° from 4° to 24°.
‘With the help of these the values of u,,%, v, w exhibited in the following two tables have been found.
A double sign is prefixed to v and w and of these the upper or lower is to be taken according as the
point is west or east of the origin. The results are given to three places of decimals as found by the

computations : but the last figure is liable to error, which is not sufficiently large to be practically
important for the present purpose.

TABLE XXV,
R b
da=1km., (8¢*=0) 8b=—="9967km.
a
¢ L1 4 8 12 16 20 24
) - 7834 - 7°710 | - 75! - 7227 | — 6-863 | — 6-415
38 u — 7840 — 7716 | — 7-516 | — 7°233 | — 6-868 | — 6°420
- +v + 2:04+ ) + 5-280 | + 7-914 | +10-532 | +13-143 | +15-733
+w + 1'630 ) + 3258 | + 4°892 | + 6:499 | + 8-106 | + 9:703
, - 5077 | — 5468 | — 5-281 — 5019 | — 4-683 | — 4-270
31 u — 008 — HHT5 | — 5288 | = 5025 | — 4689 | — 4275
+» + 2.498 | + 4096 | + 7-489 9967 +12-437 + 14894
*Fw + 1400 | + 2:790 | + 4-195 | + 5°586 | + 6971 | + 8-348
%, — 3325 | — 3-222 | — 3:052 | — 2-812}| — 2-502 | — 2-123
30 © — 333l — 3-227T | — 3057 | — 2:8i7T| — 2-506 | — 2-127
- +v + 2384 | + 4768 | + 7143 | + 9516 ] +11-871 +14°228
+w + 1195 ) 4+ 2:300 | + 3-581 | + 4769 + 5951 | + 7-128
) - 1071 - 0-977 — 0603 | — 0°322 | + 0-02¢4
oF u - 1073 | — 0979 — 060E | — 0:323 ) + 0:02%
= X + 2204 | + 4586 + 9°152 | +11-435 | +13-718
+w + 1:009 | + 2016 + 4024 | + 5025 | + G024
u, i+ 11185 | + 1-268 ) + 1'409 | + 1:G06 | + 1-:860 | + 2:172
90 u P+ 1188 o+ 10271 + 1412 | + 1'610| + 1-864 | + 2-177
o= +0v + 2:225 | + 4°447 | + 6°0666 | + 8-881 | +11-088 | +13-291
+tw |+ 0-836 | + 1671 + 2-504 | + 3338 + 4:164 | + 4-991
", 4+ 3430 | + 3513 | + 3-639 1 + 3-814 + 4044 | + 4°319
18 u + 3HS L+ 30622 1 + 3G | 4+ 3820 ) + 4053 | + 4331
+0 + 2°172 | + 4-343 [ + 6-512 [ + 8674 | +10-831 | +12-981
+m + 0-673 | + 1:346 0 + 2:018 | + 2:G8% | + 3360 | + 4024
" + 6695 | + 5760 | + B-86D [ + 6-024 | + 6-223 | + 6-467
14 u + BT12 ) + 57T + 586 | + 6042 | + G- 241 + G186
+v + 2:135 | + 4271 + (401 + 8:636 | +10-660 | +12-777
+w + 0°519 L+ 1-037 | + 1564 | + 2070 | + 2587 | + 3:100
u, + 7952 ( + B-00OB | + 8102 | + 8:232 | + 8:404 | + 8:G1¢
10 u + 7077 |+ 8033 + B 27| + 8258 + 8430 | + 8:643
xr + 2114 | + 4°229 | 4+ 6-343 | + 8451 | +10569 | +12-662
*w + 0360 | + 0°737 | + 1-106 | + 1:472 | + 1-840 | + 2-206
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TABLE XXVI.
a*de?
Sa=0; (8 =0-0001) ; 86= -5 = —0-3200 km.; »,=3"872.

4 | L-L ’ £ ’ 8° 12° 16° 20° 24°
0, + 1:837 [ + 1807 | + 1:7867 | + 1:689 | + 1:600 | + 1-493
060 w + 6.-881 + 680 | + 6800 | + 6-733 | + 6-643 + 6536
38 +o —0094| — 0187 | — 0279 | — 0370 | — 0455 | — 0-540
00 — 0382 | — 0°763 | — 1-142 | — 1519 | — 1-890 | — 2-258
", + 1°364 | + 1°336 | + 1-289 [ + 1-223 | + 1139 | + 1-037
10 u +. 6185 | + 6-157 | + 6-111} + 6:045 | + 5960 | + 5857
34 +» — 0060 | — 0121 | — 0-182 | — 0240 | — 0°295 | — 0°346
+u — 0342 | — 0:G84 | — 1°024 | — 1-362 | ~ 1:696 | — 2-027
" + 0845 | + 08I18| + v775 | + 0713 | + 0-633 | + D-53¢
80 3 + 5350 | + 5°324 | + 5-280 ) + 5-218 | + 5-138 | + 5-udl
30 +v - 0033 | — 0:067 | — 0-100 | — 0-131 | — 0160 | — 0185
+ — 0304+ | — 0°607 | — 0-9090 | — 1:208 ) — 1305 | — 1-800
", 40282 + 0257 | + 0216 | + 0-158 | + 0-084 | — 007
opc " + 4881 | + 2357 | + 4315 | + 2258 | + 4084 | + 4000
26 +0 — 0011 | — 0023 | — 0033 | — 0:041 | — 0040 | — 0:056
e — ¢ 265 | — 0:330 | — 0-74 1-037 | = 1:317 | — 1-57Y
, 0821 | — 0344 | — 0382 | — 0435 | — 0-504 | — 0-387
I M + 3204 |+ 30270 3233 | + 3180 | + 3-111 | + 3-027
== +0» + 0008 | + 0:01> 0023 + 0032 + 0043 ] + 003
+10 - 0227 [ — 0454 | -~ 0670 | ~ Ccoud | — 14127 | — 1-349
" — 0060 | — 0:980 | = 1:015 | — 1:063 | — 1-126 | — 1-201
I M + 2008 | 4 2078 | + 2043 [ + 1:995 | + 1-932 | + 1-830
* +v + 0024 | + 0046 | + UOGS | + 07092 | 4+ 0U-116 | + 0-i43
o — 0188 | — 0375 ~ 0°563 | — 0740 | — 0-935 | — 1-119
™ — 1-628 | — 1646 | — 1-677  — 1720 | = 1775 | — 1-844
14° " + 0812 + 00794 | + 0:762 , + 0°719 | + 0064 | + 030
v + 0036 | + 0069 | + 0102, + 0134 | + O-luvw | + 0203
+u = 0 148 | = 0°20G | — 044k | — 0301 | — 0-738 | — 0°884
" - 2322 | — 2:837 | — 2364 | — 2401 | — 2-450 | = 2-30%
10° " — 0547 | — 0562 | — 0300 | — 0 GIF | — 06TE ] — 0 731
+v + 0042 | + 0083 | + 0122 | 4+ 0162 | + 0202 | « (0-24%
e — 0108 | = 0215 | = 0322 | — 0420 | — 0530 | = 0 u42

By the help of tables XVII and XVIII of Chapter I and their extensions

57

( vide

Fables XXXV, XXXVI below) the effect of v, is eliminated: the figures in these tables give by
1nterpolation values of » for each pointin table XX VI, and these multiplied by — 3872 are applied
to the corresponding figures in XXVI, leaving residuals due to case 8b= — *3200.

The residuals

e 1 .
are multiplied by — 53 and the result is the case II,— 8/=1,8a=0. This case is then multiplied

by —-9967 and applied to table XXV, leaving as a residual case I,— 8a=1, 8=0. From these

tables values corresponding to even degrees of  are interpolated and the results are exhibited in
tables XXVII, XXVIIL
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TABLE XXVII.
da=1kmn, 86=0.

A L_L 0° 4 8° 12° 16° 20° 24°

[ + 1'524 #1567 | 4 1684 | + 1'8T3 | + 2-148 ] + 2°402 | + 2-923

38° ¥ 0000 [ + 3007 + 6006 + 8996 [ +11-965 | +14 935 - 17871
E 0000 | + L1504 | + 3005 | + 4495 | + H972 [ + 7436 | + 8873

u + 1°6GOS | + 1:G45 [ -+ 1:735 + 1942 | + 2-203 + 2:534 | + 2944

34° El 0000 [ + 2°878 [ + 5750 ] + §:609 | +11-458 | +14° 294 | +17-114
+m 0°000 | + L1346 | + 2°658 | 4+ 4010 [ + 5:339 | + 6645 [ + T 980

) + 1253 | + 1291 | + 1-40G° + 1579 | + 1:828 | + 2150 | + 2-541

30° +v 0000 + 27069 + 552 + 8277 | +11°024 | +13-933 | +16- 474
+w 0-000 | + 1-218 | + 2436 ) + 3637 | + 483G | + 6013 | + 7168

|

u + 0490 | + 0525 | + 0631 + 0803 | + 1 0| + 1:351 | + 1:730

26° = 0000 | + 2670 | + 5334 | 4+ T'OSS | +10°645 | +13-290 | +15-926
+0 0000 | + L1119 ] + 2:220 | + 3'330 | + 4-422 | + 5503 | + 6-563

u — 0G5 | — 0606 | — 0°BOG | — 0338 — 0°103 | + 0194 { + 0 562

29° +v 0-000 + 2592 | + 5170 + 7-761 +10°325 | +12°885 | + 15 447
+w 0-000 1°03% ) + 2066 | + 3089 | + 4-101 + 5095 | + 6068

i

u — 2111 — 2071 | - 1°972 | — 1-809 | — 1'581 | — 1°288 | — 0+932

18~ X 0000, + 2:523 | + 5034 | + 7:539 | +10-040 | +12 535 | +15-018
+w 0-000 | + 0971 | + 1 941 | + 2°899 | + 3°S+d | + 4776 | + 5.684

” — 3830 | — 3812 | - 3715 | ~- 3550 | — 3:333 | - 3040 | = 2-701

14° +» 0.000 | + 2454 | + 4-906 [ + 734 + 9782 | +12:216 | +14-G37
+w 0000 | + 0:927 | + 1'843 | + 2:733 | + 3651 | + 2 534 | + 5-305

u - 5812 | - 5776 | - 50679 | — 55261 — 5306 | = 5 028 | — 4-681

10° v 0:000{ + 2°392 | + 4785 | + 7163 | + 9539 | +11-916 | +14-289
+w0 0-000 | + O°890 | + 1'773 1 + 2:643 | + 3:501 | + 4355} + 5-177

% 4 or — according us point is west or enst of origin.

The justification for this method of computing along a geodesic is that a point is reached by
the shortest available route from the origin. Now in practice a point’s position relative to the
origin is determined by a network of triangulation : and in general the geodesic takes a more or
less medial conrse through this network. When this is not the case a modified procedure becomes
desirable, and this occurs in the Burma triangulation. Geodesics from Kalianpur to Lower Burma
cross the Bay of Bengal. Asa single geodesic is thus unsatisfactory the next simplest course seems
to be to follow a geodesic from Kalianpur to Chittagong and then, taking a different geodesic, to
proceed to any desired point. To give effect to this, recomputation of quantities occurring ahove
would be necessary: but by a slight modification this can be avoided. Choose as first geodesic
the one from Kalianpur which cuts the meridian 91° 39" 17”57 7.e. 14° east of this meridian of the
origin at the same latitude as the origin, 24° 7/ 11”.  This point may be regarded as a second
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TABLE XXVIII. :
8= 1km, da= 0.

A L—L 0 4° 8¢ 127 16° 207 24°
v — 93883 | — 9396 | - 0379 | — 9.308 | — 9362 [ — 0341 | — 9324
35 k¥ 000D | — 0367 — 0935 | = 1-096 | — 1453 | — 1'816 | = 2 166
L OO0 + 0120 + 00243 | + 0371 | + 0:507 | + O-GtHh | + 0-500
u — 7205 | = 7203 | — 7204 | — 7205 | = 7208 — 7198 | — 7-194
34° El )-000 | = 0884 | — 0961 | — 1-182 | = L'So8 | — 1 877 | - 2-244
+m 0000 | + 0039 | + 071021 + 07163 | + 0-220 | + 0-30¢ | + 0-391
u — 4087 | — 4591 | — 4597 [ = 1605 | = 4615 = 4626 — 4.G38
30° +r 0000 | — 0888 | — 0766 | — 1144 | — 1520 | — L-So8 | — 2:266
+w 0000 | — 0°027 | — 0°034 | — OOB8 | — 0:083 | — 0:082 | — 0 065
u — 1636 | = 1:560 | = 1572 | -~ 15887 | — 1613 | = 1639 | — 1 673
25" 4 0000 | — 0379 | — 0753 — 1-128 | — 1:503 | — 1-868 | — 2241
+uw 0000 | — 0114 | = 0:220 | = 0:322 | — 0 410 | — 0496 | ~ 0-560
" + RS | 4+ IN38 | 4+ 10820 4+ 17Ol + LTE6 |+ 10712 | + 1-657
99¢ +r 0000 | — 0869 | — 0727 — 1°092 | — 1 453 | — 1'808 | — 2-160
£ 0000 | — 0206 — 0401 | = 0B85 | — 0776 | — 0°948 | — 1-096
u + 5688 | + 5568 [ + Bh43 | + 5507 | + 5453 | + 5.391 | + 5-310
18° + 0000 | — 0°8338{ — 0695 | — 1:032 | — 1374 | — 1-510 | — 2-(48
L 0000 — 0301 | — 0°60L | — 0°800 | — 1-169 | — 1°432 | — 1650
" + 9896 + 9681 | + 9540 | + 9502 | + 9431 | + 9346 | + 9242
14 +v 0 000 0:321 | — 0-6G87T [ — 0047 | = 1231 | — 1562 [ — 1-866
+an 0000 | — 0410 | — 0813 | — 1'208| — 1°693 | — 1 962 | — 2-314
" +13-833 | +13°816 | +13-773 | +12-716 | +13°626 | +13-520
10° +r 0000 | — 0219 | — 0638 | — 0°822 | — 1-092 | — 1361
+ 0000 | — 0524 | — 1°041 | — 1547 | — 2:044 | = 2°530

* 4+ or — according as point is west or enst of origin.

origin for Lower Burma and the tables already calculated can be made use of. The difterence
from going ria Chittagong caused by this is less than 0-01 second in latitude and longitude and
0-1 second of azimuth as may be seen by counsidering the closing errors shown in tables 11, 111,
IV. Corresponding to case I, a=1km at Kalianpur, cases I, III, IV arise at the second origin :

but the latter two cases are readily eliminated by tables XVII to XX, remembering that the
values of L in these tables are now naturally to be increased by 14°. 1In this way tables, under
heading u, 2, or w, as the case may be (suffix g indicating that the route followed is a geodesic)
giving the change of coordinates due to change of axes and origin for the four cases, have heen
prepared for the whole of India and Burma and are now given (tables XXIX- XXXIV). Those
for cases TII and IV have already been given for India up to longitude 94° and now only the
additions necessary for Burma are given (vide tahles XXXV, XXXVI).
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Case I.—8a¢ = 1 km.

THE EARTH'S AXES AND TRIANGULATION.

Values

in seconds.

of u,

TABLE XXIX,

oDg. | Loug.
60°| 61° 62° 63° | 64° 65° 66° | 67° 68° 69°|70°| 71 72° 73°|74° 75° 76° | 77° 78 79°|80°| B1°
]
Lat. ! Lat.
40° 1-392 1370 [ 1-351 1-335 1-321 40°
o
1-514 1401 | 1:472 1.456 1443
%g 1-608 1-582)1-563 1.547 1:535 33
37 1-669 1644 |1-625 1.600 1-508 37
36 1-846 1803 |1-764|1.731 1:701 1-677 [ 1-658 1.642 1-631 | 1.624 1-623 1-627|1-638 | 1-656| 36
35 1-849 1806 | 1-768 | 1.735 1:706 1-6B2 | 1.663 1-647 1-636 | 1-630 1-629 1-633 | 1-644|1-601| 35
34 1-824 1-782 | 1.744 [ 1-711 1-683 1-659 | 1-640 1-624 1-614|1.609 1-608 1-612 |1-622|1-ci8| 34
33 1.775 1.733[1.605|1.662 163+ 1:610|1.591 1.575 1-565 | 1.561 1560 1-564|1-574|1-5%| 33
32 |z-107 (2119 2-046 1.977 |1-012 1.852 1.796 |1-746 1.700 1.658 |1-620|1-587 1-550 1:535|1-516 1-500 1-190 | 1.485 1.464 1488 [ 1.498 | 1.514]| 32
39 |2.080 |2.012 1-639 1.871|1:%07 1-747 1.092 [ 1-842 1.596 1.555|1.518 | 1485 1-457 1-433|1-414 1.398 1-387 ) 1382 1-391 1-385 [1-305 [ 1-411y 31
30 |1-954!1-877 1-805 1.737 | 1-674 1:616 1.562 [ 1-513 1.467 1-426|1.390 | 1-257 1-320 1-305(1-286 1:.270 1-259)1.253 1-253 1-256 [1-267 | 1.282] 30
29 |1:795|1-720 1-647 1-580 | 1-517 1-459 1-405|1-356 1.312 1.271|1-23511.203 1-175 1-151 /1.132 1.118 1-105 1:100 1.099 1.103 [ 1-112)1-127] 29
28 |1-608!1-533 1-463 1-397 |1-334 1.277 1.223|1-175 1.132 1.000 | 1-054 | 1-022 0-194 0-471 | 0.953 0-937 0-926 | 0-921 0.020 0-924 | 0-933 | 0-948] 28
27 |1-30311-324 1.255 1.1€9 | 1-127 1.070 1-017 | 0:06Y 0-924 0-885 | 0-349 | 0-816 0:787 0765 | 0-748 0-733 0-723 | 0:718 0.717 0:721 | 0-730 [0-744] 27
26 f1-164!1:091 1.022 0-956 | 0-896 0-841 0-787)0-739 0:695 0:656 | 0-620 | 0-589 0-562 0-53810-520 0-506 0-196 | 0-491 0-490 0-404 | 0-502|0:516] 26
95 [0-910!0-539 0-769 0-704 | 0-64 0-587 0-534|0-387 0-444 0-405!0-369 [ 0-339 0-312 0-280 | )-270 0-256 0-246 | 0-241 0-240 0-244|0-25310-266] 25
24 0-213 0-171 0-132 | 0-006; 0-066 0-030 0-018 | FoGs=GT0T6 - 026 | 0-053 0-034 0-023  0-019 | 0-007| 24
23 0-084 0-126 0-165|0-20010-229 0- 0206 0-310 0-321 0-528 0-3%9 0-324]0-313 | 0-302] 23
22 0-401 0443 0-132 | 0-51G | 0+346 O 0611 0-626 0-633 | 0-645 0-646 0:640'0-63010.017] 22
21 0-740 0-782 0-821 | 0-654 | 0884 U 0-950 0-064 0975} 0-983 0:984 0-950 | 0-9un |0-056] 21
20 1267 1.288|1:307 1-322 1.333|1-340 1-341 1-337 ; 1-327 | 1.312] 20
19 1-643 1-664|1.652 1-607 1.708 19
18 2.037 2-058 | 2:076 2:091 2.103 18
17 2.440 2-470 | 2-489 2505 2.516 17
16 The sign iy + above the Lorizoutal 2.877 2. 9.943 16
15 dividing line and — helow it. 3.32]1 3 3.385 15
14 3:770 3. 3.842 14
13 4. 5 4315 13
12 4 $-800 12
11 502 5-208 11
10 5. 5-705 5.803 10
9 i f- 6:313 4323 9
8 1\ Ge 6840 6-750 8
Lone '
- - - B By &) A > B - - 2 N
N\ 81° B2 83 |84 85 86° |87 88 89 |90 |91° 92° 93°|94° 95" 96° | 97" 98
Lat. l
|
307 |1-292 1208 1:320 1347 1.379 1oa1al 1453 1407 1545 1.507 1054 1716 1.782 | 1533 1-928 2:008 | 2-092 2-150
29 |1.127 1165 | 1-193 1.221 1-259 11-206 1-341 1.3%9 | 14411499 1. ©695 1-770 1-847°|1.930 2-017 2:100 | 2-205 [ 2.306 2-410] 29
28 |ooss 0-0%8 1 1-012 1-042 1-074 1:117 1-159 1-207 | 1-258 | 1-315 1- 509 1-562 1:660 | 1-742 1-S28 1.919 | 2.015 | 2-115 2-21x| 28
27 o 0:7R0, 0+805 0-837 (+K7210-011 0:053 1-000 1.(.;.1|1.107 1 +301 1-373 1-450 | 1-531 1-616 1-708 | 1-801 | 1-000 2-003] 27
i
26 |0-518 0:332 0-353 | 0:579 0.6 0-643] 0:652 0:724 0-770 | 0-£21 | 0-87% <087 1:139 1:216 1 1-298 1-380 1-470 | 1-564 | 1-663 1-765] 26
25 [o-208 0-252 0.5 10320 0250 0-30270-430 0-472 0-518 1 0-504 | 0623 B1E 0886 0-061 [ 1-040 1-119 1.213 | 1306 | 1-403 1 25
24 T 071.0:010 0-03310-056 0-056 0-119 0-157 0-100  0-24 | 014204 1 01340 546 0:G18 0-696 | 0-775 0-856 0-943 | 1-036 | 1-133 1-233) 24
23 lo-32 0-28 0:2630.239 0-210 0.177 [ 0-140 0:00% 0-053 | 0-002 0-490 0-561 0-648|0-740 | 0-836 n-036] 23
22 10617 0G0 0:579 | 0-535 04527 0-404 | 0-457 0-415 0-370 | 0+32] 0-163 0:244 0-331 | 0-423 | 0:510 0-6101 22
21 |0:956 0-937 0918 | 0-592 0-865 0-932 | 0-706 0-754 0 17L 0,003 0007 V08 [ 0-180 0-280] 21
20 |1.312 1-205 1.274{1-250 1-222 1-1R9 | 1-153 1-113 0-687 0-610|0.532 0-451 0-364 | 0-273 | 0-177 v-070]| 20
}g 1-658 1.671 1650 | 1:626 1500 1-208|1.137 1-083 0:986 | 0-008 0-827 0-741 | 0-650 | 0-55+ 0- 19
18 2:043 2065 2044 | 2-020 1-993 1-60311-532 1-468 1300 | 1.302 1-221 1-135|1-044 | 0-948 O™ 18
2495 20477 2-455 | 20432 20405 2.015 [ 1.044 1-870 1:792(1:714 1-633 1-547 [ 1-457 {1+ 1.2 17
16 |2.923 2-005 2544 |2-460 2+A23 2:444 (2:373 2.298 2.220(2-142 2-061 1-975|1:885 16
13 2.568 2506 2+419 | 2320 15
14 3.044 2-983 2677 | 2-767 14
}g 3:017 3437 3-351 | 3262 3 }g
L . 4-001 3-022 3837 | 3.74 B
1 The sign is + above the horizontal . . . . <0 1
1 ividing line and - helow it, 4-000 4:420 4:334 | 4-244 | 4161 4:055 1
10 B-007 4-026 4-841 |4-752|4-650 4-564] 10
g 5623 5442 5-358 | 5.270 [ 5.177 5-083} @
6-048 6-067 5-884 | 5-707 | 5.704 5611} B




Case I.—8¢ = 1 km.

CHANGES ALONG GEODESICS.

Values of v,

in seconds.
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TABLE XXX,

Long. | 60°| 61° 62° 63° | 64° 65° 66° | 67° 68° 69°|70°|71° 72° 73° 74° 75° 76° |77° |78 79 |80’ B1°| Lovg.
Lat. . P o s i1 t 1 v e NegativelrLa
40° £348 3- 40’

1208 3.5 39

%g 4240 38
37 4:201 37
36 7.083 6352 | 5:620 | 4-687 4-154 3 2. 36
35 7:007 G261 | 50500 | 4834 +e109 3o | 2. 39
34 6+933 6218 | 5-502 | 4:785 4-067 3-348 |2 34
33 6+863 6156 | 5+446 | 4.736 4-025 3914 2. 33
32 |12-384] 11.688 10.09210-203) 9-595 8-805 8:195 | 7-40% G:79L 6:093 | 5.301 | 1-Ge8 3-985 d~ﬁt:l 2 32
31 112267011577 10-887 10+ 194] 9-502 8-800 8-116 | 7-422 G-728 6-034 | 5:330 | 4-643 3-948 3-251 | 2. 31
30 [12-154|11-47110-78710-100| 9-414 8727 8.040 | 7-333 G-865 5-977 | 5:268 | 4-60p 3911 I-2l )2 30
29 112.084|11-36610-68010-007| 9:327 8:-646 7-065 | 7-284 6-6G03 5-921 | 5.2 2506 1.8 185 0-419 0. o2 29
38 111-938(11-267 10504 0-019| 9-214 B-568 7.803 | 7-21H G-544 5868 | 5. 2o 180 “Hs Lozt 001t 28
27 |11-897|11-17010-503 9-233| 9-16¢ 8494 7-824 | 7-156 6-487 5:817 | 5.1 2461 17588 1-114 | 0441 o2z 0906 27
%g 17401 11-07810-416 9751/ 9-088 8-12¢ 7:760 | 7006 6-433 5760 | 5- iy 1ne 1 gg

116461 10+990 10+ 392 9:674| 0016 8557 7608 | 7-039 G- 722150 v e

24 S Geoss 64991 5-677 | 5-0: 3- 1745 1 24
23 G+933 6:284 5634 | 4-084 | 4335 3686 I 1733 1. 2 23
22 6:983 6:238 5:503 | £-048 | 4303 3-069 3. 1.721 J- = 22
21 G-¥3L G-104 5:554 | 1013 | L-274 3-034 2- 1-709 1 2 21
20 3-610 2:974 | 2.337 1.698 1. 2-181 20
19 3-586 2.051 | 2-321 1.686 1+ 2124] 19
18 3562 2-034 | 2:305 1-675 1. rz-110] 18
17 3-539 2-015 | 2.290 1-664 1 2o 17
16 3:516 2-8 d. 16
1% 3.403 2. ) 1
14 30470 2.8 2. 14
13 2-418 2-& a. 13
12 3126 2. 2 12
11 3:404 2- 2 11
10 3:382 2. 200l 10
9 9:360 2- 1087 9
8 3:338 2. Lot 8

Long. | 81° 82" 83° | 84° 85° 86° | 87° 88° 89° | 90°|91° 92> 93° |94 95° 96° | 97° 98° 99 ;100* 101°102 | Lene,
Lut. N e g a t i v e Lat
30° | 2-310 3.007 3:697 {487 5-076 5:764 7-140 0:201 9-¥38 10-574{11-260 11-913 12625 13-30‘;1:;-9531;-m;s\|1.3-3|91u:-o:010-700 30
29 ]2-204 2-978 3-662 | 4:345 5-028 5:710 7-079 0116 0-7 2:511 ; ‘ Feo1 29
28 |2:272 2.050 3-628 [ 4:306 4-983 5.650 7-010 0-081 8 4 58
27 2252 2.925 3.507 | 1208 4:039 5610 6049 8:056 962 aur 27
26 [2-231 2-900 3566 | 4232 4-808 5-563 G891 7-R51 | 8-217 | S-R81 0-546 2106 26
25 |2-215 2876 3-537 [ 4:198 4-858 5-517 6-835 7194 | 8152 [ N-R11 9- a.008 25
24 |2-109 2855 3:-510 | 4-105 4:819 5:474 G783 7-497 [ R-001 | B-745 O- 3008 53
23 2183 2. 3 413k 4783 5-432 7-381 | 8.03] <‘-GTE 0 LTS 1010 o 23
22 [2-168 2.814 3. 104 4748 5-308 4 7-320 (7973 | N-61T 0. S100 11831 13747 3] 22
21 |2:153 2.795 3-435]4:075 4-715 5-355 5 6-637 8:554 9- 107 LLe7 4k GOl LE AN L D16 150 5 27
20 |2:138 2:776 3+412 [ 4048 4683 5:310 | 5:055 6591 8-405 0-117 0:754 [10+300 11-024 11658 {12201 12.02 ~1s|!u-s|:1:.-n: 20
}9 24124 3 1021 4-653 1681 OUG 11574 12- 20012+ 19

8 |21t : 3-996 4-623 94600 -8R0 11 - ot | 18
17 |2-008 3.345 | 3-960 4-503 9-540 TS 11 103 | i 17
16 ]2.082 2.703 3.323|3:044 4:563 9471 (10001 10-708 11-827 ok aents) 16
15 0 st o] 15
14 1770 1208 1 12008 l:l-|€0||l~l-‘.‘mll->l(~ 14
13 TGO 120 2ot il 1t 1471 13
]2 1-6l012 12-818' 1 07 ol a1 2

1 |EEENIUR MY RIUN B HED 11
10 ll--l.'\olﬂ-lkl,'l‘.‘~ﬁ£i:l:.- : 10

9 570 100 12 9

8 120011883 12 8
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Case I.—8¢ = 1 km.

THE EARTH'S AXES AND TRIANGULATION.

Values of w,

in seconds.

TABLE XXXI

Long. | 60° | 61° 62° 63° | 64° 65° 66°| 67° 68> 6Y°|70°| 71° 72° 73°|74° 75° 76°| 77°] 78° 79| 80°| 81 { Long.
Lat. P o s 1 ¢t 1 v e Negative]|
40° 2.251 1-854 |1-457 1.060 0-663 40°
39 2.187 1-801 | 1415 1:020 0-6.K3 39
38 2-125 1:750 | 1374 0-009 0-623 38
37 2-086 1700 | 1-335 0-070 0-605 37
36 3-422 3:069,2:716 | 2-362 2-008 1-G54 | 1.200 0-0&k 0-560 | 0-233 | 0-123 0-478 (0.833 | 1-183] 34
35 3-329 2.086 ' 2.642 | 2-208 1-953 1-608 | 1-263 0-918 0-573 [ 0227 | 0-110 0-465 ( 0-811|1-156] 3§
34 3:230 2.906 2-572 | 2-237 1-002 1-566 [ 1-330 0-80% 0-558)0-221]0-116 0-453 | 0-790 | 1:126} 34
33 3-157 2-833, 2+507 | 2-180 1-853 1.5.6 [ 1.198 0-870 0-543 | 0-215]0-113 0-+1110-769 | 1-097] 33
30 |5-387|5-277 4-965 4653 | 4-338 4-023 3-708 {3-303 3-078 2-762 2-415 [ 2:126 1-807 1-488 [ 1-169 0-840 0529 | 6-210]0-110 0-430 | 0-750 | 1-069} 39
39 [5:453|6-151 1847 154 |4-233 3-926 3:618 [ 3-311 3604 2-606 2-387 [2:075 1-763 1-452 | 1-140 0-828 0-516 | 0-204]0-108 0-420 1 0-731 | -0} 39
|
30 |5-325|5-030 4-733 4.4354-134 3-834 3-539 ( 3.233 2.933 2.633 2.331(2.027 1-723 1.418 [ 1113 0-809 0-504 {0-200]0-105 0-410|0-715]1-019{ 3¢
29 |5-203(4-014 4-624 1.3324-039 3-746 3-452(3.159 2.666 2-573,2.278(1-081 1.684 1-386|1-088 0-700 0-493 | 0-195]0-103 0-401]0-600)0.096] 29
28 |5-087|4-804 4-520 4-234|3-p48 3-662 3-375| 3-080 2.802 2-515, 2.227 | 1.937 1.647 1-356|1.065 0-77+ 0-482]0-191 10-100 0-392 | 0-683 | 0-074| 28
27 |4:976 | 4-660 4-421 4-142 | 3-863 3-584 3:303|3-023 2-742 2.4G1 2-170 | 1-896 1-612 1-326 1-043 0-758 0-473 [ 0-187 | 0-099 0-384  0:669 | 0-054] 27
06 |4-871|4.600 4-328 4-056 | 3-783 3-510 3-235| 2.960 2-685 2-410 2-134|1-856 1.579 1-301 | 1-023 0-743 0-463 [ 0-183]0-097 377 (0-056 [ 0-035| 26
25 |4-773[4-507 4-241 3-975|3-708 3:440 9-171) 2902 2.632 2.362 ' 2091 | 1-819 1-547 1.275|1-003 0-729 0-454 | 0-18010-005 0-370  0-644 | 0-017] 2§
24 |4-681 [4-421 4-161 3.900 [ 3-637 3-374 3:111 | 2-847 2-562 2.316 2050 | 1-784 1.518 1-251; 0-084 0-715 0-446 | 0-177 | 0-093 0-363 | 0-632 [0-900| 24
23 2-794 2-534 2.273, 2:013 | 1:752 1-490 1-228 | 0-965 0-702 0-138 [ 0-174 ] 0-001 0-356 | 0-620 (0-884] 23
22 2:746 2-490 2.234 1-978|1-721 1-464 1-206 | 0-948 0-680 0-430 | 0-170 | 0-090 0-350 | 0-600 (0-¥68| 22
21 2:609 2148 2.196 1:944|1-691 1-438 1185 0-931 0-677 0--423 [ 0-167 [ 0-088 0343 | 0-508 [0-853] 21
20 ! 1-414 1-165 0-016 0:G66 0-415 | 0-1G4 | 0-¢87 0-338 | 0-588 [ 0-838| 20
19 | 1-303 1-147 | 0-001 0-655 0-409 ) 0162 f0-085 0-342|0-579|0-825) 19
18 | 1-373 1-131|0.888 0-645 0-403 | 0-160 | 0-08% 0-328 | 0-571 [0-813] 18
17 l‘ 1-355 1-116 | 0676 0-636 0-397 | 0-157 | 0.083 0-323 | 0-563 [ 0-802 17
16 [ 1-338 1-102 | 0-865 0-628 0-392 | 0-155 | 0-082 0-310 | 0-556 | 0-702] 16
15 ! 1-322 1-089 | 0-856 0-622 0-388 [ 0-153 §0-081 0-315|0-550 | 0-784| 15
14 | 1-307 1-077 | 0:847 0-616 0-381 | 0-152]0-080 0-312 | 0-544 [0-775]| 14
13 [ 1-203 1.066 | 0838 0-600 0-380 | 0-150 ] 0+079 0-308 | 0-538 |0-767] 13
12 i 1-279 1-054 | 0-829 0-603 0-376 ( 0-149 | 0-078 0-305 | 0-532 | 0-759] 12
11 | 1-267 1-044 | 0-821 0-597 0-372 | 0-147 | 0-078 0-303 | 0-527 | 0-751 | 11
10 1-256 1-035 | 0-813 0-591 0-369 | 0-146 | 0-077 0-300 | 0-523 | 0:745] 10
9 1-245 14026 [ 0-806 0-585 0-366 | 0-145 | 0-076 0-207 | 0-510 | 0-740] 9
8 1-238 1-019 | 0-800 v-581 0-362] 0-163 ] 0-076 0-296 1 0.516 [v-706| 8
Lonz. | B1° 82° 83" | 84° 85° 85°I 87° 88° 89°|90°|91° 92° 93°| 94" 95° 96° | 97° 98 99° [100°(101° 1027} Lorg.
Lat. N e g a t 1 v e Lat.
| )
30 [1-019 1-323 2. »L~bﬂ11,4-933 5204 558 | 5-822 ¢-)13 l.iul(]-}“ i G-0x0 7-267] 30
29 0-n; 1204 2. 5-113 5401 | 5-647 5-072 6-255 6-538 | 6-820 7-100] 29
28 o7t 1265 2. S 4-000 5:281 | 5-561 5.K40 6-117 6 0 6-013] 28
27 lo-va 121w 2- £-80 5-166 [ 50441 5-711 5-086 6526 6704 27
26 o9 1-215 2- L7RG 6057 [ 5327 5-505 5.3.;3‘6.127 .00 6-653] 26
25 10917 1-101 2. GO BO56 ) 5.020 g8 5742 GeOOL | 6+ 6-518] 28
24 [u-om 1-1y 2- 1342 4508 4854 | 5-109 5-381 5-5[2;5-303 6-112 ¢-350] 24
23 Joomst 14147 1- 1 1 2-193 [ 2- 454 2714 2.974 303 4556 4807 [ 5057 5:303 5517 791 6-031 6277} 23
22 o8 1125 1. 1- VoMM 20154 | 20410 200667 20022 366 A-SVL 4760 ,r,.o..,z, 2_»?41 22:(7,252‘1. 506 oo 22
297 Jowss 1-006 1~a:m’ 1612 1865 2118 | 2-370 2-622 -230 4+ 1715 | 1056 5-193 5-430  6-66b | 5-000 6-135] 21
20 |0-x34 10wy 1-337 1-567 1-H3G 20085 | 2-053 2.580 44107 4136 4 674 4-000 5-142 5-371;}5-510 5.840 ¢-071] 20
19 o= 3171 1207 15463 1-Mm 1026 1 4-066 4100 4635 | porib 5006 5-324 5- .81 G-oo0f 19
18 [omd 100 Vo200 1641 1760 102 | 4135 4-966 1500 ::‘_: 232(,' Z};(tii(??. nio soa0] 18
17 O-myl J-042 )28l | 1-520 1-75% 3e870 14208 4-FI5 ko562 | 4. 5-016 5:238 5-403 | H-GRO 5606 17
|
16 0792 1020 1-265 120 1-7:36 51-86711-[»11 4-308 4534 i BO7R 5105418 [ 5:031 5oN4T 12
15 1082 5158 5-475 | 5587 b-H0) ]4
14 14910 5-124‘5-333 5548 Be762
1 4-G6R R0 5.002 5e303 | 5-511 5-8] 13
18 BGES HE) Beoz ) 27 | Bed77 be0RY 12'
11 | 4618 1-620 5-003 5290 | 5o4kh Seo]
10 ! 4-505 4-802 5-ooni5-2|2 5416 Se6l] 10
g | 4-574 4700 408G . 5-184 | 5-380 5580 g
[ 1556 4761 4-00515-11;7 5368 5564




II.—3 = 1 km.

Values

of u,

in seconds.

CHANGES ALONG GEODESBICS.
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TABLE XXXII.

DO W
o QWO O

N NN
w

—_——— 3 PN

MO O =MW A DO O =N

—- et —————

4
3876 3-878 3880
3.1

=)
2
BWW e

The gign is — above the horizontal
dividing line and + below it.

Q-031 0-014 | 0-057  0-070

Long.
60°| 61° 62° 63°| 64° 65° 66° 68° 69°|70°|71° 72° 73°| 74> 75° 76° | 77> 78° 79°|80°| 81|

Lot.

10-294 10+ 295 |10-297 10- 208 10- 207 40"
39 9855 0-856 | 0858 0-850 0-838 39
38 0-384 9-385 | 0-386 0-386 0-385 38
37 8:882 B-98 | 8-883 B8-S83 8.882 37
36 8:346 B-347 | 6-348 | 8.349 8:350 8:350 | 8-351 B8-351 8-351 | 8-350 8:350 8:350 | 8-351[8-351] 36
35 7-760 7-790 | 7-790 | 7-790 7-701 7.791|7-791 7-701 7-7927-792 7-792 7-792|7-793 | 7-701 | 35
33 7-208 7-20L | 7-204(7.204 7-203 7-203|7-208 7-204 7-204(7- 7:205 7-205 | 7:204| 7-204| 34
33 6:593 6303 | 6-502 | 6-392 6501 6-591 | G-590 6-5%0 6:590° 6-500 G-500 6-59v [6-590|6-500) 33
32 |5-963 |5.962 5:962 5-961 | 5-980 5-050 5-058 5:958 5-955 | 5054 [ 5:053 5:052 5-u51| 5950 5-950 5-950 | 5:049 5-949 5:049 | 5950 { 5-050 ] 32
391 |5305|5-303 5-301 5-200|5-207 5:296 5-2904 5291 5-290 | 5.268 | 6-287 5-286 5-285 | 5-284 5283 5-282 | 5-281 5-281 5-281 | 5-282 (525 31
30 4619 | 4-816 4-614 4-611 | 4-608 4-606 4-604 4:600 4:598 | 4:696 | 4-594 4-503 4 500 4-580 | 4.589 4.587 1-588 | 4-589 [ 4-500] 30
29 |3.908 [3.004 3-901 3:897 | 3-803 3800 3-887 3.892 3-880 | 3-878 | 3-876 3:874 3- 870 3-%69 3867 3-868 |3 3 29
28 ]3-170 |3.166 3-161 3-156 [ 3:152 3-148 314t 3138 9-135% 3-132 | 3-130 3-128 3- 3-124 3.123 | : 3.121 3-122 (3 3. 28
27 |2-109 | 2-403 2:398 2.392(2-388 2981 2377 2:3G9 2.366 | 2:363 | 2361 2-358 2- 2-354 2-359 1 2. 2.351 2352 |2 2 27
26 |1-623|1.617 1-611 1.604[1-507 1-591 1.585 1-577 1574 1-571|1-567 1-664 1-562 | 1-560 1-559 1:538 | 1 1558 | 1-3 26
25 J0-815 10-808 0-800 0-793 10-786 0-779 0-772 0-763 0-759 10-755 | 0-751 0-748 0-745! 0-742 0-741 0-7401 0 0-740 | 0-742) 95
24 " 0-UBY U-U74 0079 [ 0-053 [0-057 0-001 0-U94 | 0-097 0-099 v-101 |0 0-100] 0-UN | 24
23 0-926 0:032 0-038 | 0-043 | 0-947 0-051 0-954{ 0-057 0-060 0-962 [ 0-064 0-965 0-963 | 0-961 | 0-958| 23
22 1:804 1-811 1-817 | 1-823 | 1.828 1-832 1836 | 1:839 1-842 1-84 |1 1:848 1.846 | 18451 1-840] 22
21 2:706 2:712 2:719 [ 2-726 | 2-731 2-735 2.739 | 2.743 2-747 2.751 |2 2,755 2-751 | 2:748{ 2:745] 21
20 3-658 3:662 | 3-666 3-670 3-674 (3-677 I- 3-c68| 20
19 1:601 1605 | 4-609 4-613 4-617 |4 46 46111 19
18 6-560 5:565!5-570 5574 5-578 |3 5 5-3711 18
17 6-539 6:545 | G-550 6+554 6558 | 6 G- 6-551F 17
16 The sign is — above the horizontal 7534 7.540 [ 7-546 7-551 7.555 |7 7559 5471 16
15 dividing line and + below it. B-545 8:552 | 5-558 B.563 B.567 | &-570 8-571 s-as0] 15
14 9870 9-577 | 9-553 9-388 9-50219-305 0-596 9:354] 14
13 10-609 10-618 10+ 625 10- 630 10+ €34 [10- 637 10+ 638 10+ 13
12 11-662 11671111+ 68411688 [11-691 11-692 11+ 12
11 12727 12-706 12743 12- 749 12753 |12- 757 12-758 12-7 11
10 13:802 13811113+ 818 13824 13- 828 |13-532 13-833 13- 830 /13825 [13-820) 1 O
9 14886 14895 14-902 14-908 14+012 | 14+916 14017 14-914 1£-909 114-004 9
8 15'07815-987|l5'991-16-l00 16+ 004 m-oosuvooum-oou‘16-001 15- 004 8

' . l Louy
81° 82° 83" |84’ 85° 86° | 87° 89° 1 90°| 91° 92° 93" | 94° 95° 96°| 97- 98° 99° i100> 1to1 102 /

Lat I ! l ' Tt

® 14590 4:501 4-502 | 4-504 4696 4008 600 44604 | £:606 | 4-608 4-610 4-613!4-616 4-618 4-621 | 4-624 Le027

4
3870 3.872 3874 082 3-886 ( 3-880 [ 3-892 3-805 3-800 | 3.003 3-906 3-010 | 2-011 :
3121 3.126 3-128 | 3-130 3132 3. 137 3 3-143 | 3:146 |5+150 3-155 3160 | 3-164 3-169 3+174 | 3-170
2:354 2-556 2:368 | 2-300 2-363 2.366 | 2-368 2371 2.3752-3%0 | 2.335 2.300 2-396 | 2-402 2-407 2-413 | 2410
{
1:550 1-561 1563 | 1-560 1-569 1-573 [ 1:570 1-584 (1660, 1:505 1:601 1-G08{ 1-615 1621 1-627 | 1-Gi34
0:-742 0:744 0-747 10750 0-753 O-Tﬁ 0:761 5 0-77110-777 ' 0-783 n-7a0 (\-fns‘o-so:': 1\-§|:; (I-h:‘.’i 0~s§u
0-008 0-005 U-09Z | U-UBD 0-USG 0-US0 | U-075 VU4 0057 | U-U50 U-UEE 0-035 | U-021 U-UI4 0-003 ] 0 008 0-
0-058 0-055 0072 | 0-048 0-04F 0-030 | 0-014 0:021  0:014 [ 0-006 0-06 0-806 | 0553 (-874 0863
1810 1-837 1-83L| L-¥30 1-826 1-819 | 1.813 1:800 | 1701 | 1762 1.780 1.578 1-7.:; 1756 IT'E ?
2-745 2740 2.737 | 2732 2.727 2:721, 2-716 : 29681 3604 2684 [ 2673 001 2640 ) 2687 2+
3668 $-G04 3650 | 3-654 3:618 3:642 9635 3-500 3-619 3-vo8 3572 3530 B-5
4611 4607 40602 | 4-500 4500 45153 | 4500
3671 5ea6ts 556 | F-5BH He54Y 5 | 4o
6-651 0:516 G-541 | 6-534 G-H26 G454 | G401
7:547 7513 7.536 | 7+b20 7621 7480 TR0 7436 T
R4S >
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THE EARTH'S AXES AND TRIANGULATION.

N
Y )
Case I1.—8b = 1 km. Values of o, TABLE XXXIIT
in seconds.
Lovg. [ 607 | 61° 62° 63°|64° 65° 66° | 67° 68> 69> | 70°|71° 72> 73°|74° 75 76|77 |78 79|80 (81| Low.
Lat. N e g a t 1 v e Positivel ra
——
40° 0:497 0-410 ) 0-323 0-233 0-143 40°
39 0-500 0-419 | 0-330 0-148 39
38 0-519 0--427 | 0336 0-152 38
37 0527 0-434|0-34 0+ 155 37
36 0:903 0-811 | 0-719 | 0-626 0-533 0-440 [ 0-:346 0-157 | 0-(2 | 0033 0-128 1 0-222 [0-316] 36
35 0-910 0-818 4 7351 0-631 0537 0443 | 0-348 0-15% | 0.0 | 0-033 0-129 10-224| 0-319] 35
34 0-915 0+822 [ 0-720 1 0-635 0541 0«bIG | 0-351 0159 | . 033 0-1290-225 | 0-321| 34
33 0-910 0 638 0-545 041 0-353 0-257 0-161 ] y.064]0-¢33 0-130 | 0-227 | 0-323
32 [1:675|1-582 1-488 1-394 [ 1-209 1-201 1-110 [ 1-016 0:922 0 ‘610 0345 0450 | 0-535 0230 0-162 | 0-064 ) 0-U%L 0-131 ' 0-328 | 0-3% 33
31 1:678 | 1-584 1-490 1-396 | 1-301 1-206 1-112|1-018 0-923 0 610 0545 0-450 | 0-355 0-259 0-162 [ 0.964 | 0-034 0-191  ve228 (0:325) 31
30 |1-678|1-584 1-490 1-396 [ 1-301 1-206 1-112|1-018 0-923 0- <640 0-545 0-450 | 0335 0:250 0:162 | .064 §0-034 0-131 | 0-228 | 0325 30
29 1:676 | 1-583 1-489 1:304 | 1-209 1-204 1-110]1:016 0-922 0 <639 Q- 2 0-161 | 0064 J0- 033 0-130 ; 0-227 (0-324] 29
28 1:671 [ 1:578 1-484 1-350 [ 1-204 1-100 1-105 | 1-011 0-91¥ 0 636 0-160 | a-064 fO-033 0-130 [0-226 1 0-322 | 28
27 |1-663 1-571 1-478 1.383 | 1-288 1-193 1-009 | 1-005 0-912 0 633 0-159 | 0-063 J0-033 0-129 1 0-225 [0-320] 27
26 {1-655|1-563 1470 1:376 | 1-281 1-186 1-002 | 0-999 0-9u6 0 L 624 0-157 | 0-062 | 0-0u3 ! 0318
05 [1-648(1:554 1-462 1:368 | 1274 1170 1-085 | 0-9%3 0-900 0 623 0-157 8.855 0-083 0-315 3?
24 0-0%6 0594 0 0-618 0-165 | u-062 | 0-032 v-313] 24
23 0-978 0-886 0-705 | 0-708 | 0-613 0:154 | 0- 051 | 0032 0-311] 23
29 0-969 0-878 U~::7 0696 | 0607 0-153 | 0-061 | 0-032 o300 22
21 0-959 0-869 0779 ) 0:690 | 0- 401 243 0-152 | 9.060 | 0-032 o-306] 21
20 0-150 { 0060 | 0-031 0 0-303] 20
0-148{ 0-059 | 0-031 0-121 ) 0-210 | 0-299
0-147 | 0-058 | 0-031 0-119 | 0-207 | 0-294
0:144 | 0-057 | 0:030 0-117 | 0-203 | 0-289

199 [ 0-283
104 [ 0-276
189 | 0-269

0-226 0-141
0220 0137

0:056 J0-029 0-11¢
0 2
0-213 0-133 | 0-053 ] 0-028 0-109
0
0
0

——— e e
=W OO A®O

—= mhebed ke i
=W PO WO

A 3 T aas T <

oo © ©9° ¢TT <o
E

0-207 0-120 | 0-051]0-027 0-105 0-261

i 0-201 0-125 | 0-050 | 0-026 0-102 177 [ 0-253

5 0:191 0-121 | 0-048 | 0-025 0098 | 0-171 | 0-244
(o] 305 0-325 | 0-255 0-156 0-116 | 0-046 [0-024 0-004 ! 0-164 | 0-234] 10
9 i 378 0-810 ] 0-2(3 0-177 0-111 | 0-044]0-023 0-089 0157 |0-223] 9
8 i 0-358 0-294 | 0-230 0-167 0-105 | 0-042 | 0-022 0-086 |0-150 |o-212| 8

|
Lone. | 81° 827 83° )\ 847 85 86’ | 87’ 88" 89> | 90°| 91° 92° 93°| 94° 95° 96°| 97° 98° 99° |{100° 101" 102°| Love:
Lat. P 0 s i t i v e Lat.
30 0:421 0-516 | 0-G10 0-704 0-798| 0-593 0-988 1-082 | 1-176 | 1-271 1-366 1-460 | 1-55¢ 1.648 1-742| 1836 1.920 2-022 | 2-114|2-208 a0
29 0-420 0-515 | 0-G0Y 0-703 0+ 1080 | 14174 740 | o833 1.026 2-010 | 2+112 29
23 2 0:417 0-51210-606 0-700 0- 1-076 1-1'70 -5::: 1-828 1-921 2-014 | 2-106 28
27 20 0-414 0-508 | 0-G02 0-69